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ABSTRACT

Given a time-evolving tensor stream with missing values, how
can we accurately discover latent factors in an online manner to
predict missing values? Online tensor factorization is a crucial task
with many important applications including the analysis of climate,
network traffic, and epidemic disease. However, existing online
methods have disregarded temporal locality and thus have limited
accuracy.

In this paper, we propose STF (Streaming Tensor Factorization),
an accurate online tensor factorization method for real-world tem-
poral tensor streams with missing values. We exploit an attention-
based temporal regularization to learn inherent temporal patterns
of the streams. We also propose an efficient online learning algo-
rithm which allows each row of the temporal factor matrix to be
updated from past and future information. Extensive experiments
show that the proposed method gives the state-of-the-art accuracy,
and quickly processes each tensor slice.
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1 INTRODUCTION

Given a temporal stream tensor, how can we accurately decompose
it and predict missing values in an online manner? Tensor streams
have become a standard way for representing multi-dimensional
and time-stamped event streams from various domains such as
climate [23] , network traffic [15], and epidemic diseases [8]. For
example, air quality data represented as triples of the form (place,
pollutants, time) are modeled as a 3-mode temporal tensor stream
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containing measurements of pollutants. With rapid growth of need
to handle such stream tensors, online tensor analysis tools based
on CP (CANDECOMP/PARAFAC) [4, 7] decomposition have been
actively developed [9, 11–13, 15–17, 24, 25]. They have effectively
analyzed stream tensors in real-time by significantly reducing com-
putational cost and time.

However, most previous approaches do not consider the inher-
ent temporal locality patterns of tensor streams when designing
online algorithms. Although a recent work [10] learns the temporal
patterns, the existing methods uses only historical information.
Inspecting both past and future information is useful to reveal ac-
curate temporal patterns since most real-world tensor streams are
heavily related to nearby streams; e.g., the current pollutant mea-
surement is similar to those of previous and next 10 minutes [1].
The main challenges in designing an accurate online tensor fac-
torization method for temporal tensor streams are (1) to model
temporal locality patterns with respect to both past and future in-
formation, and (2) to design an efficient online update scheme to
capture temporal patterns accurately.

In this work, we propose STF (Streaming Tensor Factorization),
an accurate online tensor factorization method for missing entry
prediction in temporal tensor streams. STF exploits a temporal
regularization based on the attention technique [18], and provides
an efficient online update method for finding temporal patterns.
Through extensive experiments, we show that STF provides the
state-of-the-art accuracy for missing entry prediction.

Our main contributions are as follows:

• Method.We propose STF, an accurate online tensor decom-
position method for real-world temporal tensor streams with
missing values.
• Theory. We theoretically analyze the time complexity of
STF.
• Experiments. We evaluate our algorithm on six real-world
tensor streams. STF achieves the state-of-the-art performance,
and each tensor slice is processed in less than 0.004 second.

The source code and datasets are available at https://github.com/
snudatalab/STF.

2 PRELIMINARIES & RELATEDWORK

We describe the preliminaries and related works of tensor and
tensor factorization. We use the symbols listed in Table 1.

2.1 Tensor

2.1.1 Tensor and Notation. Tensors are defined asmulti-dimensional
arrays that generalize one-dimensional arrays (or vectors) and two-
dimensional arrays (or matrices) to higher dimensions [2, 3, 5, 6].
Specifically, the dimension of a tensor is referred to as mode; the
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Table 1: Table of symbols.

Symbol Definition Symbol Definition

X tensor ∈ R𝐼1×...×𝐼𝑁 ∥X∥𝐹 Frobenius norm of tensor X
𝛼 index (𝑖1, ..., 𝑖𝑁 ) A(𝑛) 𝑛th factor matrix (∈ R𝐼𝑛×𝑅 )
𝑥𝛼 entry of X with index 𝛼 a(𝑛)

𝑖𝑛
𝑖𝑛th row of A(𝑛)

𝑁 mode 𝑎
(𝑛)
𝑖𝑛𝑟

(𝑖𝑛, 𝑟 )th entry of A(𝑛)

𝑅 rank 𝑊 window size
𝐼𝑛 length of the 𝑛th mode ∗ Hadamard product

length of each mode is called ‘dimensionality,’ denoted by 𝐼1, · · · , 𝐼𝑛 .
We use boldface Euler script letters (e.g., X) for tensors, boldface
capitals (e.g., A) for matrices, and boldface lower cases (e.g., a) for
vectors. The 𝛼 = (𝑖1, · · · , 𝑖𝑁 )th entry of tensor X is denoted by 𝑥𝛼 .

2.1.2 Tensor Factorization. We provide the definition of CP decom-
position which is our base model.

Definition 1 (CP decomposition). Given an 𝑁 -mode tensor
X ∈ R𝐼1×···×𝐼𝑁 with observed entries and a rank 𝑅, the goal of CP
decomposition of X is to find factor matrices {A(𝑛) ∈ R𝐼𝑛×𝑅 | 1 ≤
𝑛 ≤ 𝑁 } by minimizing the following loss function:

L
(
A(1) , · · · ,A(𝑁 )

)
=

∑
∀𝛼∈Ω

(
𝑥𝛼 −

𝑅∑
𝑟=1

𝑁∏
𝑛=1

𝑎
(𝑛)
𝑖𝑛𝑟

)2
(1)

where Ω indicates the set of the indices of the observed entries, 𝑥𝛼 in-
dicates the 𝛼 = (𝑖1, · · · , 𝑖𝑁 )th entry ofX, and 𝑎 (𝑛)

𝑖𝑛𝑟
indicates (𝑖𝑛, 𝑟 )th

entry of A(𝑛) . □

Standard CP decomposition results in poor performance in miss-
ing entry prediction of temporal stream tensors since it is not
designed to learn temporal locality.

2.2 Related Works

2.2.1 Temporal Tensor Factorization. Tensor factorization methods
have been extensively studied for temporal tensor analysis in a
static setting [10, 19–22]. Existing methods modeled the temporal
factor in an autoregressive way, relying only on historical data to
learn temporal patterns. However, it is important to leverage all
the surrounding information for learning precise temporal patterns
since time-evolving streams are highly correlated with their sur-
roundings [1]. Our proposed model accurately learns the temporal
patterns using both past and future information.

2.2.2 Online Tensor Factorization. Online algorithms based on the
CP decomposition have been widely developed for stream tensor
analysis. They focused on achieving time andmemory efficiency [24,
25], eliminating outliers and noises [11], addressing sparsity [9, 15,
24], and dealing with multi-aspect streaming [11, 17]. However,
most of the existing works did not take into account the temporal
properties of tensors. Lee et al. [10] tried to preserve autoregressive
properties of tensor streams, but this causes an inaccurate modeling
of temporal patterns, as discussed in Section 2.2.1. Unlike existing
online algorithms, STF exploits temporal regularization and uses
past and future information to update temporal factors.

3 PROPOSED METHOD

We propose STF, an accurate online tensor factorization method to
precisely predict missing entries in temporal tensor streams. Our

Algorithm 1: Online update of STF (Streaming Tensor Fac-
torization)

Input :𝑁 -order tensorX𝑐𝑢𝑟 ∈ R𝐼1×...×𝐼𝑁−1×𝐼
(𝑐𝑢𝑟 )
𝑁 , previous estimates of

factor matrices A(𝑛) ∈ R𝐼𝑛×𝑅 (𝑛 = 1...𝑁 ) , auxiliary variables
{c(𝑛)1,(𝑝𝑖𝑛) , ..., c

(𝑛)
𝐼𝑛,(𝑝𝑖𝑛) }

𝑁−1
𝑛=1 , {B

(𝑛)
1,(𝑝𝑖𝑛) , ...,B

(𝑛)
𝐼𝑛,(𝑝𝑖𝑛) }

𝑁−1
𝑛=1 , a rank 𝑅,

a window size𝑊 , and regularization parameters _1 , _2 .
Output :updated factor matrix A(𝑛) and auxiliary variables

{c(𝑛)1,(𝑝𝑖𝑛) , ..., c
(𝑛)
𝐼𝑛,(𝑝𝑖𝑛) }

𝑁−1
𝑛=1 , {B

(𝑛)
1,(𝑝𝑖𝑛) , ...,B

(𝑛)
𝐼𝑛,(𝑝𝑖𝑛) }

𝑁−1
𝑛=1

/* Temporal factor update */

1 update each row of a temporal factor matrix A(𝑛)𝑡 using Eq. (6)
2 update each row of an adjacent temporal factor matrix A(𝑛)𝑟𝑒 using Eq. (6)
/* Non-temporal factor update */

3 for 𝑛 = 1...𝑁 −1 do
4 update each row of a non-temporal factor matrix A(𝑛) using Eq. (8)
5 update the auxiliary variables

main idea is an attention-based temporal regularization for learning
a temporal property using both past and future information, and
an efficient online update scheme effectively leveraging it.

Overall, STF includes two steps: (1) initialization and (2) online
update. STF initializes factor matrices with the proposed regular-
ization with an initial batch of an input tensor stream. In the online
phase, STF efficiently update factor matrices (see Algorithm 1).

3.1 Initialization

We explain how to train factor matrices with the proposed temporal
regularization with an initial batch of an input tensor stream.

3.1.1 Attention-based Temporal Regularization. We impose a reg-
ularization on the temporal factor matrix to reflect the temporal
property that tensor slices closer in time are highly related.

Given an𝑁 -order temporal tensorX ∈ R𝐼1×···×𝐼𝑁 , with observed
entries Ω, the last mode 𝑁 representing time, a rank 𝑅, a window
size𝑊 , and regularization parameters _1, _2, we find factor matrices
A(𝑛) ∈ R𝐼𝑛×𝑅 , 1 ≤ 𝑛 ≤ 𝑁 that minimizes∑
𝛼∈Ω

(
𝑥𝛼 −

𝑅∑
𝑟=1

𝑁∏
𝑛=1

𝑎
(𝑛)
𝑖𝑛𝑟

)2
+ _1

𝑁−1∑
𝑛=1
∥A(𝑛) ∥2F + _2

𝐼𝑁∑
𝑖𝑁 =1
∥a(𝑁 )

𝑖𝑁
− ã(𝑁 )

𝑖𝑁
∥22 (2)

where ã(𝑁 )
𝑖𝑁

=
∑
𝑖𝑤 ∈N(𝑖𝑁 ,𝑊 ) 𝑣 (𝑖𝑁 , 𝑖𝑤)a

(𝑁 )
𝑖𝑤

andN(𝑖𝑁 ,𝑊 ) indicates
the set of adjacent indices 𝑖𝑤 of 𝑖𝑁 in a window of size𝑊 . The
weight 𝑣 (𝑖𝑁 , 𝑖𝑤) denotes the weight to give to the 𝑖𝑤 th row of the
temporal factor matrix. The

∑𝐼𝑁
𝑖𝑁 =1∥a

(𝑁 )
𝑖𝑁
− ã(𝑁 )

𝑖𝑁
∥22 term in Eq. (2)

indicates the proposed temporal regularization where the 𝑖𝑁 th
row’s factor is constrained to the weighted sum of the neighboring
rows’ factors to learn temporal dependency.

Inspired by the attention mechanism [18], we design a weight
function based on the relevance between the target factor and its
neighboring factors. Given a target row index 𝑖𝑁 and an adjacent
row index 𝑖𝑤 ∈ N(𝑖𝑁 ,𝑊 ), an attention weight function is calcu-
lated as follows:

𝑣 (𝑖𝑁 , 𝑖𝑤 ) =
exp

(
a(𝑁 )
𝑖𝑤

⊺
a(𝑁 )
𝑖𝑁

)
∑

𝑖𝑤′ exp
(
a(𝑁 )
𝑖𝑤′

⊺
a(𝑁 )
𝑖𝑁

) (3)

The attention gives a larger weight to the neighbor factor which
produces a larger dot product with the target factor, where all
weights always sum to one.

3.1.2 Optimization. We use an alternating least squares (ALS)
method to minimize the loss function (2); we update one factor
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𝚫𝒕

𝓧𝒄𝒖𝒓

𝑱		

𝑰		 𝓧𝒑𝒊𝒏 𝓧𝒕𝓧𝒓𝒆

≈ ≈
	𝐀(𝟏)

𝐀(𝟐)

𝑰		

𝑱		

𝑹	

Temporal factor	𝐀	(𝟑)

	𝐀𝐩𝐢𝐧
(𝟑)

	
𝐀𝒓𝒆
(𝟑)

	 𝐀𝒕
(𝟑)

	

𝑲(𝒐𝒍𝒅)

	𝐀𝐨𝐥𝐝	
(𝟑)

	𝓧𝒐𝒍𝒅 = [𝓧𝒑𝒊𝒏 ; 	𝓧𝒓𝒆 ]

(a) Temporal factor update

where

=
+

𝐜𝟏
(𝟏) 𝐜𝟏,(𝒑𝒊𝒏)

𝟏 	 𝐜𝟏,(𝒖𝒑)
𝟏 	

𝐁𝟏
(𝟏)

= +

Compute onlineReuse

𝐁𝟏,(𝒖𝒑)
𝟏𝐁𝟏,(𝒑𝒊𝒏)

𝟏𝑹	 x←

𝐜𝟏
(𝟏)𝐁𝟏

(𝟏)

+

𝜆*𝐈𝑹	
	
−1	𝐚𝟏

(𝟏)

(b) Non-temporal factor update

Figure 1: Online update of STF with a 3rd order tensor. Fig-

ure (a) represents how we accurately update temporal fac-

tors at time step 𝑡 . Figure (b) illustrates how we incremen-

tally update non-temporal factors at time step 𝑡 .

matrix at a time while fixing others. We update factor matrices
using the row-wise update rule [14] to use only non-zeros, achiev-
ing higher accuracy. The row-wise update rule for 𝑖𝑛th row of the
non-temporal factors is given as follows:

a(𝑛)
𝑖𝑛
← [B(𝑛)

𝑖𝑛
+ _1I𝑅 ]−1 × c(𝑛)𝑖𝑛

(4)

where
B(𝑛)
𝑖𝑛
(∈ R𝑅×𝑅 ) =

∑
∀𝛼∈Ω (𝑛)

𝑖𝑛

(𝛿 (𝑛)𝛼 ) (𝛿
(𝑛)
𝛼 )⊺, c

(𝑛)
𝑖𝑛
(∈ R𝑅 ) =

∑
∀𝛼∈Ω (𝑛)

𝑖𝑛

𝑥𝛼𝛿
(𝑛)
𝛼 , (5)

𝛿
(𝑛)
𝛼 = a(1)

𝑖1
∗ ... ∗ a(𝑛−1)

𝑖𝑛−1
∗ a(𝑛+1)

𝑖𝑛+1
∗ ... ∗ a(𝑁 )

𝑖𝑁
, ∗ denotes Hadamard

product, and Ω
(𝑛)
𝑖𝑛

denotes the subset of Ω whose 𝑛th mode’s index

is 𝑖𝑛 . Note that c
(𝑛)
𝑖𝑛

and B(𝑛)
𝑖𝑛

are intermediate results considering
only non-zero values. With the attention weights fixed, the row-
wise update rule for 𝑖𝑁 th row of the temporal factor is given as
follows:

a(𝑁 )
𝑖𝑁
← [B(𝑁 )

𝑖𝑁
+ _𝑖𝑁 I𝑅 ]−1 × [c(𝑁 )𝑖𝑁

+ d𝑖𝑁 ] (6)

where d𝑖𝑁 = _2
(
1 − 𝑣 (𝑖𝑁 , 𝑖𝑁 )

) ∑
𝑖𝑤≠𝑖𝑁 𝑣 (𝑖𝑁 , 𝑖𝑤)a

(𝑁 )
𝑖𝑤

and _𝑖𝑁 =

_2 (1 − 𝑣 (𝑖𝑁 , 𝑖𝑁 ))2.

3.2 Online Update Algorithm

We propose an accurate and efficient online method for updating
factor matrices. For clarity, we discuss the proposed method with a
third-order tensor stream; the generalization to higher-order ten-
sors is straightforward. We assume that the tensor only grows in
time mode and other modes do not change over time. Under the
assumption, a new tensor slice X𝑡 ∈R𝐼×𝐽 ×Δ𝑡 at time t is appended
to the time mode of an existing tensorX𝑜𝑙𝑑 ∈R𝐼×𝐽 ×𝐾

(𝑜𝑙𝑑 )
, to create

X𝑐𝑢𝑟 ∈R𝐼×𝐽 ×𝐾
(𝑐𝑢𝑟 )

where 𝐾 (𝑐𝑢𝑟 ) = 𝐾 (𝑜𝑙𝑑) + Δ𝑡 . We also have pre-
vious estimates of factor matrices {A(1) ,A(2) ,A(3) } for X𝑜𝑙𝑑 . We
optimize the loss function in Eq. (2) with the given X𝑐𝑢𝑟 .

Optimizing the loss function with ALS is impractical in an online
setting since ALS computes all the factors from scratch. Motivated
by the work [24, 25], we efficiently optimize the loss function in
an alternating manner: (1) update recently created temporal fac-
tors with the proposed regularization while fixing other temporal

Table 2: Comparison of the complexity.

Name Time

OnlineSCP [24] 𝑂 ( (Σ𝑁−1
𝑛=1𝐼𝑛 + Δ𝑡 )𝑅2 + |Ω𝑡 |𝑁𝑅)

SOFIA [10] 𝑂 ( |Ω𝑡 |𝑁𝑅)
STF 𝑂 ( (Σ𝑁−1

𝑛=1𝐼𝑛 + Δ𝑡 +𝑊 )𝑅3 + ( |Ω𝑡 | + |Ω𝑡,𝑊 |)𝑁𝑅 (𝑁 + 𝑅))

factors, and (2) then incrementally update non-temporal factor
matrices according to the updated temporal factors.

3.2.1 Temporal Factor Update. We explain the update procedure
of temporal factors as illustrated in the Figure 1(a). Before the
time step 𝑡 , we have the temporal factor A(3)

𝑜𝑙𝑑
∈ R𝐾 (𝑜𝑙𝑑 )×𝑅 . Due

to the addition of X𝑡 , the temporal factor should be augmented
to [A(3)

𝑜𝑙𝑑
; A(3)𝑡 ] ∈ R𝐾

(𝑐𝑢𝑟 )×𝑅 , where 𝐾 (𝑐𝑢𝑟 ) = 𝐾 (𝑜𝑙𝑑) + Δ𝑡 . Our key
observation is that in addition to A(3)𝑡 , the last part of A(3)

𝑜𝑙𝑑
should

be updated as well, since our temporal regularization in Eq. (2)
enforces that each row of the temporal factor matrix is affected
by past and future information within the window size𝑊 . Thus,
we divide A(3)

𝑜𝑙𝑑
into A(3)

𝑝𝑖𝑛
∈ R(𝐾 (𝑜𝑙𝑑 )−𝑊 )×𝑅 and A(3)𝑟𝑒 ∈ R𝑊 ×𝑅 , and

update A(3)𝑟𝑒 as well as A(3)𝑡 while fixing A(3)
𝑝𝑖𝑛

. This enables efficient
update of temporal factors while imposing temporal regularization.

3.2.2 Non-Temporal Factor Update. We describe how to incremen-
tally update non-temporal factors using the row-wise update rule.
We use the first row of the mode-1 factor matrix as a running ex-
ample, as shown in Figure 1(b). The first row a(1)1 is updated with
c(1)1 and B(1)1 where they are divided into two parts, respectively,
based on A(3)

𝑝𝑖𝑛
and A(3)𝑢𝑝 = [A(3)𝑟𝑒 ; A(3)𝑡 ] ∈ R(Δ𝑡+𝑊 )×𝑅 , as follows.

a(1)1 ← [B(1)1,(𝑝𝑖𝑛) + B
(1)
1,(𝑢𝑝 ) + _1I𝑅 ]

−1 × [c(1)1,(𝑝𝑖𝑛) + c
(1)
1,(𝑢𝑝 ) ] (7)

where c(1)1,(𝑝𝑖𝑛) and B
(1)
1,(𝑝𝑖𝑛) are auxiliary variables storing reusable

components with regard to A(3)
𝑝𝑖𝑛

, and c(1)1,(𝑢𝑝) and B
(1)
1,(𝑢𝑝) are newly

computed results with regard toA(3)𝑢𝑝 . We reduce the computational
cost by reusing the variables while computing the rest in online. To
prepare auxiliary variables for the next update, we divide c(1)1,(𝑢𝑝)
and B(1)1,(𝑢𝑝) as follows:

c(1)1,(𝑢𝑝 ) = [c
(1)
1,(𝑠𝑎𝑣𝑒 ) + c

(1)
1,(𝑠𝑘𝑖𝑝 ) ],B

(1)
1,(𝑢𝑝 ) = [B

(1)
1,(𝑠𝑎𝑣𝑒 ) + B

(1)
1,(𝑠𝑘𝑖𝑝 ) ] (8)

where each component is related to the two resultant matrices,
A(3)𝑠𝑎𝑣𝑒 ∈ RΔ𝑡×𝑅 and A(3)

𝑠𝑘𝑖𝑝
∈ R𝑊 ×𝑅 , from dividing A(3)𝑢𝑝 by the size

𝑊 from its end. We then add only c(1)1,(𝑠𝑎𝑣𝑒) and B
(1)
1,(𝑠𝑎𝑣𝑒) to c

(1)
1,(𝑝𝑖𝑛)

and B(1)1,(𝑝𝑖𝑛) , respectively, since c(1)1,(𝑠𝑘𝑖𝑝) and B(1)1,(𝑠𝑘𝑖𝑝) will be re-
calculated at the next update due to our temporal regularization.

3.3 Complexity Analysis

We analyze the computational complexity of STF and existing meth-
ods in Table 2. Let the length of the temporal mode in X𝑐𝑢𝑟 , X𝑡 ,
andX𝑟𝑒 be 𝐼

(𝑐𝑢𝑟 )
𝑁

, Δ𝑡 , and𝑊 , respectively. We use |Ω𝑐𝑢𝑟 |, |Ω𝑡 |, and
|Ω𝑡,𝑊 | for the number of nonzeros of the X𝑐𝑢𝑟 , and X𝑡 , and X𝑟𝑒 ,
respectively. Our online iteration takes 𝑂 (( |Ω𝑡 | + |Ω𝑡,𝑊 |)𝑁𝑅(𝑁 +
𝑅) + 𝑅3 (∑𝑁−1

𝑛=1 𝐼𝑛 + Δ𝑡 +𝑊 )) while the full ALS iteration takes
𝑂 ( |Ω𝑐𝑢𝑟 |𝑁𝑅(𝑁 + 𝑅) + 𝑅3 (

∑𝑁−1
𝑛=1 𝐼𝑛 + 𝐼

(𝑐𝑢𝑟 )
𝑁

)) at time 𝑡 (see [14]).
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(a) Initialization (b) Missing Entry Prediction (c) Online Update Speed

Figure 2: STF is the most accurate. (a) STF accurately trains an initial model. (b) STF provides the state-of-the-art accuracy for

onlinemissing entry prediction. (c) STF processes each slice quickly, (< 0.004 second), while relatively slower than competitors.

4 EXPERIMENT

We run experiments to answer the following questions.
Q1 Initialization (Section 4.2.1). How accurately does STF

factorize real-world stream tensors in the initialization step?
Q2 Online Accuracy (Section 4.2.2). How precisely does STF

predict missing entries of the streams in an online manner?
Q3 Online Update Speed (Section 4.2.3). How fast is STF to

process streams?

4.1 Settings

Machine and Implementation. We implement our algorithm
and competitors in Python and conduct all experiments on a PC
equipped with a 4.20GHz Intel i7-7700k CPU and 32 GB memory.
Datasets. We evaluate STF on six real-world datasets summarized
in Table 3. Beijing Air Quality and Madrid Air Quality are 3-mode
tensors (hour, locations, pollutants) containing measurements of
pollutants. Radar Traffic is a 3-mode tensor (hour, locations, direc-
tions) containing traffic volumes. Chicago Taxi is a 3-mode tensor
(hour, sources, destination) containing pickup counts in Chicago.
Indoor Condition and Intel Lab Sensor are 3-mode tensors (hour,
locations, sensor type) containing measurements. Each dataset is
randomly split into training, validation, and test sets with the ratio
of 8:1:1; the validation set is used for determining an early stopping
point. We set a period of initial streams to 432 for Intel Lab Sensor
and 504 for other datasets, and time length of a tensor slice to 50
for Radar Traffic and 10 for the other data sets.
Baselines.We compare STFwith the following competitors. SOFIA [10]
is the state-of-the-art online CP decomposition method for missing
entry prediction. OnlineSCP [24] is the most efficient online CP
algorithm for sparse tensors. For static methods used in the ini-
tialization step of OnlineSCP and SOFIA, we use CP-ALS [4] and
SOFIA-ALS [10], respectively.
Hyper-parameters. We set the rank to 5 and the window size to
1 for all experiments. The regularization penalty is set to 0.1 for
Beijing Air Quality, 100 for Indoor Condition, and 10 for others.
Metric.We evaluate the performance using NRE (Normalized Re-
construction Error) and ART (Average Running Time):

NRE =

√∑
∀𝛼∈Ω (𝑥𝛼 − 𝑥𝛼 )2√∑

∀𝛼∈Ω 𝑥
2
𝛼

, ART =
1
𝑇

𝑇∑
𝑡=1

𝑇𝑖𝑚𝑒 (𝑡 )

where Ω indicates the set of the indices of nonzeros. 𝑥𝛼 stands for
the entry with index 𝛼 and 𝑥𝛼 is the corresponding reconstructed
value. Note that 𝑇 indicates the total time steps, and 𝑇𝑖𝑚𝑒 (𝑡) rep-
resents the running time at time step 𝑡 . In an online setting, we
measure the NRE with X𝑐𝑢𝑟 at each time step.

Table 3: Summary of real-world tensor streams. Bold

text denotes temporal mode. The datasets are avail-

able at https://github.com/snudatalab/STF.

Name Dimensionality Nonzero Granularity

Beijing Air Quality 12 × 6 × 5,994 618,835 hourly
Madrid Air Quality 26 × 17 × 3,043 383,279 hourly
Indoor Condition 9 × 2 × 2,622 59,220 hourly
Radar Traffic 17 × 5 × 6,419 181,719 hourly
Chicago Taxi 77 × 77 × 2,904 424,440 hourly
Intel Lab Sensor 52 × 4 × 2,994 513,508 10 minutes

4.2 Results

4.2.1 Initialization (Q1). We compare the initialization accuracy of
STF and the two competitors in terms of test NRE of initial tensor
streams. As shown in Figure 2(a), STF shows the best accuracy
among all the competitors. STF accurately trains initial factor ma-
trices with up to 4.77x lower test NRE than the second-best method,
thanks to the attention-based temporal regularization.

4.2.2 Accuracy (Q2). We measure how accurately STF predicts
missing entries of streams in an online manner. Figure 2(b) shows
that STF produces outstanding results compared to competitors; it
achieves up to 2.34x lower average test NRE compared to the second-
best method. Thanks to the initialization strategy and the effective
online update algorithm, STF accomplishes superior performance
in online missing entry prediction.

4.2.3 Online Update Speed (Q3). We evaluate STF in terms of av-
erage running time. Although STF is slower than SOFIA and Onli-
neSCP, STF runs quickly (< 0.004 sec.) as shown in Figure 2(c), and
thus can handle online real time tensors easily. Furthermore, STF
provides superior accuracy as shown in Figures 2(a) and 2(b).

5 CONCLUSION

We propose STF, an accurate online tensor decomposition method
for temporal stream tensors. STF learns temporal dependencies
with a temporal regularization based on attention, and utilizes a
fast and accurate online update scheme. On six real-world datasets,
STF shows the best accuracy, achieving up to 2.34x lower test NRE
for online missing entry prediction among competitors. Future
works include extending the idea to tensor forecasting.
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