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Static and Streaming Tucker Decomposition for Dense
Tensors

JUN-GI JANG, Seoul National University, Republic of Korea
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Given a dense tensor, how can we efficiently discover hidden relations and patterns in static and online
streaming settings? Tucker decomposition is a fundamental tool to analyze multidimensional arrays in
the form of tensors. However, existing Tucker decomposition methods in both static and online streaming
settings have limitations of efficiency since they directly deal with large dense tensors for the result of Tucker
decomposition. In a static setting, although few static methods have tried to reduce their time cost by sampling
tensors, sketching tensors, and efficient matrix operations, there remains a need for an efficient method.
Moreover, streaming versions of Tucker decomposition are still time-consuming to deal with newly arrived
tensors.

We propose D-Tucker and D-TuckerO, efficient Tucker decomposition methods for large dense tensors in
static and online streaming settings, respectively. By decomposing a given large dense tensor with randomized
singular value decomposition, avoiding the reconstruction from SVD results, and carefully determining the
order of operations, D-Tucker and D-TuckerO efficiently obtain factor matrices and core tensor. Experimental
results show that D-Tucker achieves up to 38.4X faster running times, and requires up to 17.2X less space than
existing methods while having similar accuracy. Furthermore, D-TuckerO is up to 6.1x faster than existing
streaming methods for each newly arrived tensor while its running time is proportional to the size of the
newly arrived tensor, not the accumulated tensor.

Additional Key Words and Phrases: Dense tensor, Tucker decomposition, static setting, online streaming
setting, efficiency
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1 INTRODUCTION

How can we efficiently discover hidden concepts and patterns of large dense tensors? Many real-
world data including video, music, and air quality, can be represented as dense tensors. Tucker
decomposition is a fundamental tool for factorizing a given tensor into factor matrices and a core
tensor to find hidden concepts and latent patterns. Tucker decomposition has spurred much interests
with various applications including dimensionality reduction [27, 47], recommendation [40, 44],
and clustering [9, 20].

Alternating Least Square (ALS) is the most widely used method for Tucker decomposition.
Existing ALS based methods, however, fail to satisfy all the desired properties for dense tensor
decompositions: fast running time, low memory requirement, and high accuracy. Tucker-ALS
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which updates factor matrices iteratively is slow when the number of iterations is large. Moreover,
Tucker-ALS has a memory problem to obtain final factor matrices and a core tensor since it directly
handles large dense tensors in order to update the factor matrices and the core tensor at each
iteration. A few static Tucker decomposition methods reduce the computational cost using efficient
matrix operations [5, 33] or applying randomized algorithms [11, 35]. In addition, other Tucker
decomposition methods [34, 56] reduce the computational time and the memory requirement
by approximating large dense tensor. However, none of them provide both fast running time
and accuracy. The major challenges to deal with large dense tensors are 1) how to efficiently
approximate a large dense tensor with low error, and 2) how to update factor matrices by using
approximated results.

In this paper, we propose D-Tucker and D-TuckerO, efficient Tucker decomposition methods on
large dense tensors. D-Tucker and D-TuckerO run in static and online streaming settings, respec-
tively. The main ideas of D-Tucker are as follows: 1) slice an input tensor into matrices and compress
each matrix by exploiting randomized singular value decomposition (SVD), 2) initialize and update
factor matrices and a core tensor using the SVD results, and 3) carefully determine the ordering of
computations for efficiency. Similar to D-Tucker, D-TuckerO tackles Tucker decomposition for an
online streaming setting with the following ideas: 1) avoid direct computations related to previous
time-steps, 2) approximate each new incoming tensor, and then 3) carefully update factor matrices
by determining the ordering of computations.

D-Tucker has three main phases: approximation, initialization, and iteration (see Fig. 1). The
approximation phase of D-Tucker slices an input tensor into matrices, and then performs randomized
SVD [19] of each sliced matrix. It allows us to reduce the size of the input tensor for updating the
factor matrices and the core tensor. The initialization phase of D-Tucker initializes factor matrices
by computing orthogonal factor matrices using the SVD results of sliced matrices. The iteration
phase of D-Tucker updates the factor matrices and the core tensor by carefully exploiting the
SVD results. D-Tucker achieves better time and space efficiency by carefully dealing with SVD
results. Experimental results show that D-Tucker is faster and more memory-efficient than existing
methods.

In an online streaming setting, D-TuckerO efficiently deals with each new incoming tensor by
updating the temporal factor matrix, and then updating factor matrices of non-temporal modes. To
update the temporal factor matrix, we leverage only the new incoming tensor and factor matrices of
non-temporal modes obtained at the previous time step. For factor matrices of non-temporal modes,
we avoid direct computations related to the entire tensor and the temporal factor matrix obtained at
previous time-steps. It enables that computational cost and memory requirements are proportional
to the size of a new incoming tensor, not the entire tensor. In addition, at each time-step, we
approximate a new incoming tensor using the approximation phase of D-Tucker, and then update
the factor matrices by carefully using the approximation results. Exploiting the approximation
phase gives D-TuckerO the same benefit as D-Tucker: it allows us to use a smaller size of the
approximated results than that of a new incoming tensor in updating the factor matrices and the
core tensor, to achieve better time and space efficiency. Through comprehensive experiments, we
show that D-TuckerO is more efficient than existing streaming methods, and the running time of
D-TuckerO is proportional to the size of a newly arrived tensor, not the accumulated tensor.

The contributions of this paper are as follows.

e Algorithm. We propose D-Tucker and D-TuckerO, efficient methods for decomposing
dense tensors in static and online streaming settings.

e Analysis. We provide analysis for the time and the space complexities of our proposed
methods D-Tucker and D-TuckerO.
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Static and Streaming Tucker Decomposition for Dense Tensors 111:3

Table 1. Symbol description.

Symbol Description

X, Reordered tensor (€ I} X I X K3 X ... X KN)
5] Core tensor (€ J; X J; X ... X JN)
A Factor matrix of the n-th mode
I, Dimensionality of the n-th mode of X, for modes n =1 and 2
K, Dimensionality of the n-th mode of X, for mode n =3,4,...N
In Dimensionality of the n-th mode of core tensor
[X ; Y] Horizontal concatenation of two matrices X and Y
Xk kn (k3, ..., kn)-th sliced matrix of size I; X I
U.ky. kn Left singular vector matrix of X.k,. iy
ks kn Singular value matrix of Xk, kv
Viky. kn Right singular vector matrix of Xk, iy
L Number of sliced matrices (= K3 X - - - Ky)
r Number of singular values for SVD
N Order of the given tensor
€ Error tolerance in the iteration phase
thew New time-step in an online streaming setting
Xota Accumulated tensor
Xew New time slice at a time step t,e.y
Tord Dimensionality of the temporal mode of an accumulated tensor (€ I; X I X K3 X ... X T1q)
Thew Dimensionality of the temporal mode of a new time slice (€ I; X I X K3 X ... X Ty1ery)

blkdiag( {Al}lL=1) Block diagonal matrix consisting of A; for [ = 1, ...L (see Equation (10))
(n)

Pre-existing factor matrix of the n-th mode in an online streaming setting

old
® Kronecker product
T Pseudoinverse

e Experiment. We experimentally show that D-Tucker 1) is up to 38.4x faster and requires
up to 17.2X less space than competitors (see Fig. 3), and 2) provides good starting points
to minimize the running time. Moreover, D-Tucker is scalable in handling dense tensors
in terms of dimensionality, rank, order, and number of iterations. D-TuckerO is up to 6.1x
faster than competitors in an online streaming setting (see Fig. 7).

In the rest of this paper, we describe the preliminaries in Section 2, propose our methods D-
Tucker and D-TuckerO in Sections 3 and 4, respectively, present experimental results in Section 5,
discuss related works in Section 6, and conclude in Section 7. The code and datasets are available at
https://datalab.snu.ac.kr/dtucker.

2 PRELIMINARIES

We describe the preliminaries for tensor, SVD, and Tucker decomposition. Table 1 shows the
symbols used.

2.1 Tensor

Each ‘dimension’ of a tensor (i.e., a multi-dimensional array) is denoted by mode or way. ‘dimen-
sionality’ of a mode denotes the length of it. An N-mode or N-way tensor is represented as a
boldface Euler script capital (e.g. X € RI*EX%IN) Jetter, and matrices are denoted by boldface
capitals (e.g. A). A mode-n fiber is a vector having fixed indices except for the n-th index in a tensor.
A sliced matrix is a matrix having fixed all indices except for two indices in a tensor.
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x x Approximation Initialization A JD Iteration A B
3 Ph: =TT Ph: Ph L7
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2y \'A [
Ll x Ll X, Uy I AD A
I, I,
1. Slice the given tensor X 2. Perform 3. Initialize factor matrices using 4. Iteratively update factor matrices
along the mode having the randomized SVD the SVD results of sliced matrices and obtain the core tensor using the
smallest dimensionality (K3) of sliced matrices SVD results

Fig. 1. Overview of D-Tucker. We first slice the given 3-order tensor X € RI*EXKs 3long the mode having
the smallest dimensionality (K3), and approximate sliced matrices using singular value decomposition (SVD).
Then, we compute factor matrices using SVD results of sliced matrices in initialization step. We iteratively
update factor matrices using SVD results of sliced matrices. After that, we obtain the core tensor using the
updated factor matrices and SVD results of sliced matrices.

2.2 Tensor Operation

We use the following tensor operations in this paper: Frobenius norm, matricization, n-mode
product, Kronecker product, and slicing.

Frobenius Norm. The Frobenius norm of X (€ R"*--*IN) is denoted by ||X||r and defined as
follows:

I 1e = D X

Matricization. Mode-n matricization converts a given tensor into a matrix form along n-th
mode. We denote the mode-n matricization of a tensor X € RI*2X*IN a5 X ,,). Each element
(i1, ..., in) of X is mapped to an element (i,, j) of X(,) such that

N k-1
J=1+ ) =0 [ | Im |,
k=1 m=1
k#n m#n

where all indices start from 1.
n-mode product. The n-mode product Xx,A of a tensor X € RIXEXXIN with a matrix
A € RJ»*In has the size of I;x- - -I,_1XJ,, XIn41 - - X Iy, and defined by

1,
(X Xn Ay iy jnins i = Z Xiyig...in Ajpin

in=1

where a;,;, is the (jp, in)-th entry of A. The result of n-mode product of a tensor X with a matrix
A is identical to that of the following three operations: 1) performing mode-n matricization X,), 2)
computing Y(,) = AX(,), and 3) reshaping the result Y, as a tensor Y € RI* In-1>JuxTuer--xIn,

Kronecker product. Kronecker product of a matrix A € R?*7 with a matrix B € R™ produces
the output C = A ® B of the size pr X ¢s. Each element of the output is defined as follows:

Cr(t—1)+u,s(v—1)+w =dpy X bu,w (1)

where a;, is (t,v)-th element of the matrix A and b, ,, is (u, w)-th element of the matrix B.

Slicing a tensor. Slicing an N-order tensor X (€ RIi*-*IN) along modes not in {m, n} decom-
poses X into L sliced matrices of size I, X I,, where L = I} X ... X I;y—1 X Lypy1 X oo X Iy 1 X Ipyp X ... X IN.
For example, consider a 3-order tensor X (€ RI1*E2xKs) in Fig. 1. Slicing X along mode 3 leads to
Kj; sliced matrices of size I; X I,.
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Algorithm 1: Randomized SVD [59]

Input: matrix A € R™*" target rank k, and sampling parameters p and [
Output: SVD results U € R™*k 5 ¢ Rk*k y ¢ prxk
1: draw random matrices @ € RP*™ and ¥ € RIX"
form matrices Y = QA and Z = AT
obtain column orthogonal matrices Q and P by QR factorization of YT and Z7.
form matrices W = QP and B = YQ.
obtain a matrix X which minimizes |[WX — B||
compute SVD of X = UzV7
U PUL, T 5, Ve QVy

N ey

2.3 Singular Value Decomposition (SVD)

Given a matrix X € R™*", Singular Value Decomposition (SVD) decomposes it into the three
matrices U € R™7, % € R™", and V € R™ where X is equal to UXVT. U is a column orthogonal
matrix (i.e., UTU = I) consisting of left singular vectors of X; ¥, is an r X r diagonal matrix consisting
of singular values o, where oy > 05, > -+ > 0, > 0. V € R™ is a column orthogonal matrix (i.e.,
VTV =1) consisting of right singular vectors of X.

SVD with randomized algorithm. Randomized SVD efficiently approximates a matrix A €
R™*" with a low rank using randomization techniques (See Algorithm 1). The main idea of
randomized SVD is 1) to generate random matrices Q € R?*™ and ¥ € R™" where p and [ are
sampling parameters, and find column orthogonal matrices Q € R and P € R™*/ of sketches
YT = (QA)T € R™? and ZT = (WAT)T € R™, respectively, 2) to construct a smaller matrices
W = QP € R and B = YQ € RP*?, and find X € RP? that minimizes |[WX — B||, 3) to
compute X = 0kzk\7£ by truncated SVD at target rank k, and 4) to compute U = PU; € R™** and
V = QV; € R The dominant terms to compute randomized SVD are to form sketches Y and Z.
Recent works [14, 34] require O(mn) time to construct random matrix and form matrix Y using
sparse embedding matrix Q € RP*™ = ®D.

e h: [m] — [p] is a random map so that h(m’) = p’ for p’ € [p] with probability 1/p for
each m’ € [m], where [m] = {1,2,...,m} and [p] = {1, 2, ..., p}.

o ® € {0, 1}P*™: for each m’-th column of ®, all the entries are 0 except that h(m’)-th entry is
1; each column vector is a one-hot encoding vector whose only one entry is 1 and remaining
entries are 0.

e Diagonal matrix D € R™*™: diagonal entries are randomly chosen to be 1 or —1 with equal
probability.

Due to the special form of ® and D, the complexity of multiplying Q to A is O(mn) (see [14] for
details). Z is also constructed like Y using sparse embedding matrix. Therefore, the time complexity
of randomized SVD is O(mn) when we use sparse embedding matrices. In this paper, we use
randomized SVD to efficiently deal with large dense matrices in the approximation phase. We use
standard SVD [7] with time complexity O(mnk) to stably deal with relatively small matrices in the
initialization and iteration phases.

2.4 Tucker Decomposition

DEFINITION 1 (TUCKER DECOMPOSITION). Given an N-order tensor X € RIV*IN Tycker de-
composition decomposes X into the core tensor G € R'**IN and factor matrices A™ € RI»*Jn for
n=1.N. O
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Algorithm 2: Tucker-ALS (HOOI) [31]

Input: tensor X € RIX--XIN and core tensor dimensionality J, ..., ]y

(i=1,..,N)
1: initialize: factor matrices A (9 (i=1,..,N)
2: repeat
3 fori=1,..,Ndo
4: Y X x4 A(l)T CeeXGoq A(i_I)T Xit1 A(H'l)T ce XN A(N)T
5: A  J; leading left singular vectors of Y(i)
6 end for
7: until the maximum iteration is reached, or the error ceases to decrease;
8: G — X xg ADT 5y AT .5y AMT

Note that A™ is a column orthogonal matrix, i.e. AMT A(M) = 1 where I is the identity matrix,
and core tensor G is small and dense. The objective function of Tucker decomposition is given as
follows.

min X -G x; AW .. xy AN (2)
GAD AN

where we represent the given tensor X using the core tensor G and factor matrices A™:
X~Gx, AW ...xy AN 3)
In addition, we re-express Equation (3) with matricization and Kronecker product as follows:
X(m) » A"G (&), ANT) ()

where (®]’C‘;nA(k)T) indicates Kronecker product of AT fork=N,N-1,..n+1,n-1,..,2,1.

Computing the Tucker decomposition. A common approach to minimize Equation (2) is ALS
(Alternating Least Square). ALS approach iteratively updates the factor matrix of a mode while
fixing all factor matrices of other modes. Algorithm 2 describes Tucker decomposition based on ALS
approach, which is called higher-order orthogonal iteration (HOOI). A bottleneck of ALS approach
for a dense tensor is to compute Equation (5) (line 4 in Algorithm 2) which requires O(]—[J,X:1 Ly)
space and O(J; X Hﬁ{:l I,,) computational time even to compute the first n-mode product between
an input tensor X and the factor matrix A,

Y 2 AT AT o AFDT ey AT V() = X (81L,A40)  (9)

Note that Equation (5) re-expresses line 4 of Algorithm 2 with mode-i matricization and Kronecker
product (see details in [28]). Moreover, the computational time grows as the number of iterations
increases. Applying the naive Tucker-ALS is impractical in terms of time and space.

Recent works [34, 56] propose efficient tensor decomposition methods by approximating a large
dense tensor to a small tensor, and updating the factor matrices and the core tensor using the
small approximated tensor. MACH [56] updates them after randomly choosing elements of an
input tensor, but an accuracy issue remains. Besides, it requires high time and space costs in an
update phase. Malik et al. [34] proposed Tucker-ts which uses a sketching technique in updating
factor matrices and a core tensor. Tucker-ts generates small sketching tensors for each mode,
and uses them in the update phase. However, approximating a tensor with sketching requires a
heavy computational cost since it performs sketching for all modes of the input tensor. In addition,
scalability issues remain in the update phase since Tucker-ts generates large intermediate data
when order N and rank J are large.
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2.5 Streaming Tucker Decomposition

We formally define the problem of Tucker decomposition in an online streaming setting as follows:

DEFINITION 2. (TUCKER DECOMPOSITION IN A STREAMING FASHION)
Given: a time slice X ¢,y € RIEXKXXKN-1XTnew gt g time-step tne.y, a pre-existing set of factor
matrix Ag’;{; forn=1,2,..,N, and a pre-existing core tensor G,;q4 where AZZ and G,14 approximate
:xold € RIIXIZXKSX“‘XKN—IXTOI{}
Update: the factor matrix AS[ZL forn = 1,2,..,N and the core tensor Gp,., to approximate the
accumulated tensor X € RIEXKsX-XKN-1XTiotal ywhere Tyopar = To1q + Thew-

AS,ZL, € RIn*Jn (or RK»>Jr) for n = 1,2, ..., N—11is a factor matrix updated at ¢,,¢.,, Agﬁ) € RTnewXIN

is the temporal factor matrix corresponding to £y, and Ai,lev,z, = ‘(’11\‘,1) € RTwota*IN js the temporal
mnc

factor matrix corresponding to torq1 = fo1g+tnew Where Af)?;) € RTota*)N js the pre-existing temporal
factor matrix.

Computing the Tucker decomposition in an online streaming setting. We can deal with
a newly arrived tensor using a static version of Tucker decomposition. However, it is inevitable
that running times and memory requirements increase over time. Recent works have tried to
update factor matrices and core tensor without the growth of the costs. DTA [52] updates factor
matrices and core tensor by efficiently updating covariance matrices X(Tn)X(,,). STA [52] is an
approximate version of DTA by exploiting SPIRIT [41] which efficiently deals with newly arrived
vectors. Tucker-ts and Tucker-ttmts can be adapted to an online streaming setting: 1) approximating
each newly arrived tensor using a sketching technique, and 2) updating factor matrices and core
tensor using the approximated results of the whole tensor. Although they avoid increasing running
time and memory requirements over time, there remains a need for accelerating the update process
since computations involved with a large dense incoming tensor are still time-consuming. To
efficiently update factor matrices and core tensor in an online streaming setting, we need to 1)
prevent the increase of cost over time, 2) reduce the cost of approximating a newly arrived tensor,
and 3) update them using the approximated results of the newly arrived tensor.

3 PROPOSED METHOD FOR STATIC TENSORS: D-TUCKER

We propose D-Tucker, a fast and memory-efficient Tucker decomposition method for large-scale
dense tensors. We first give an overview of D-Tucker in Section 3.1. We describe details of D-Tucker
in Sections 3.2 to 3.4. Finally, we analyze D-Tucker’s complexities in Section 3.5.

3.1 Overview

D-Tucker efficiently computes Tucker decomposition of large dense tensors. The main challenges
are as follows:

(1) Exploiting the characteristics of real-world tensors. Many real-world tensors are dense,
provoking time and space problems. Furthermore, many real-world tensors are skewed
(i.e., one of the dimensionality is much smaller than the others) and have low dimensional
structures. How can we exploit such characteristics of real-world tensors to compress a
dense input tensor with low computational cost and error?

(2) Minimizing intermediate data. Existing methods require heavy computations and large
space while updating factor matrices and core tensor in the iteration phase. How can we
minimize the size of intermediate data when updating the factor matrices and the core
tensor?
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Algorithm 3: D-Tucker
Input: tensor X

Output: factor matrices A (i=1,2,...,N), and core tensor G
Parameters: rank J; (i = 1,2,..., N), and error tolerance ¢
1: approximate slices of X by Algorithm 4
initialize factor matrices A (¥) (i=1,2,..,N) by Algorithm 5
repeat
update factor matrices A (i=1,2,..,N) and core tensor G by Algorithm 6
until the maximum iteration is reached, or the error difference is smaller than the error tolerance e

(3) Reducing numerical computation. Tucker decomposition deals with a large number of
tensor computations. How can we reduce the computational time of Tucker decomposition?

We address the above challenges with the following ideas:

(1) Slicing an input tensor into matrices and computing randomized SVD of sliced
matrices minimize the computational cost and error, by utilizing the low dimensional
structure of sliced matrices (Section 3.2).

(2) Avoiding the reconstruction from SVD results reduces the computational time as well
as memory usage. By replacing a dense input tensor with SVD results of sliced matrices, we
overcome a bottleneck of Tucker decomposition, n-mode product with a dense input tensor
(Sections 3.3 and 3.4).

(3) Careful ordering for matrix operations reduces the memory usage and minimizes the
computations. (Sections 3.3 and 3.4)

As shown in Fig. 1 and Algorithm 3, D-Tucker comprises three phases: approximation (Algo-
rithm 4), initialization (Algorithm 5), and iteration (Algorithm 6). In the approximation phase,
D-Tucker reorders modes of the input tensor in descending order for efficiency, extracts matrices
of size I X I by slicing the reordered tensor where I; and I, are the two largest dimensionalities,
and performs randomized SVD of sliced matrices in order to support fast and memory-efficient
Tucker decomposition (line 1 in Algorithm 3). In the initialization phase, we obtain initial factor
matrices using the SVD results of sliced matrices (line 2 in Algorithm 3). This phase provides a
good starting point for the iteration phase, reducing the number of iterations. In the iteration phase,
we obtain the factor matrices and the core tensor using the initial factor matrices and the SVD
results of sliced matrices (line 4 in Algorithm 3).

3.2 Approximation Phase

The main goal of the approximation phase is to compress the input tensor with low error; it enables
the iteration phase to reduce the memory requirements and the number of flops. Given a large-scale
dense tensor, previous works based on ALS approach require heavy computations and memory
usage in updating a factor matrix at each iteration step since they directly process the given tensor.
Although a few methods tried to solve the above problem by approximating the input tensor, they
give high errors, or require heavy computations. The approximation phase of D-Tucker enables
efficiently updating the factor matrices and the core tensor in the iteration phase based on two
characteristics of real-world tensors: 1) skewed shape, and 2) low dimensional structure in sliced
matrices. We reorder modes of a given tensor based on the first characteristic, and compress the
sliced matrices of the reordered tensor using a fast dimensionality reduction technique, randomized
SVD.
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Algorithm 4: Approximation phase of D-Tucker

Input: tensor X

Output: sets of SVD result U::kg,...,kNZ::kg,...,kNV.T

sy of sliced matrix X.x, iy

Parameters: rank r
1: reorder modes of the input tensor by dimensionality in descending order
2: extract the matrix X.., ry € RIXE by slicing the reordered tensor where I; and I are the two largest

.....

dimensionalities
3: for each (ks, ..., ky) do
perform randomized SVD OfX:Zk3,...,kN = U,k Ziks..., kNVIk,,...,
5: end for

Skewed shape of real-world tensors. A skewed shape, where there are gaps between the
dimensionalities of modes, exists in many real-world tensors. For example, a 3-order Air Quality
tensor (see Table 3) of size (30648, 376, 6) in the form of (timestamp in second, location, atmospheric
pollutants; measurement) has a skewed shape where the dimensionality of the last mode is much
smaller than those of others. We reorder modes in descending order of dimensionality (line 1 in
Algorithm 4). Reordered tensor is defined as follows:

DEFINITION 3 (REORDERED TENSOR X,). Given an N-mode input tensor X, we reorder the input ten-
sor by dimensionality in descending order. We represent the reordered tensor as X, € RI*ExKsx--xKn
where I; and I, are the two largest dimensionalities, K,, forn = 3,4, ..., N are the remaining dimen-
sionalities, and I, > I, > K3 > -+ > Kn. ]

This reordering helps minimize the output size of the approximation phase, which is described
in the analysis of space complexity in Section 3.5.

Low dimensional structure in sliced matrices. Many real-world data represented as a matrix
have a low dimensional structure since they have redundant and correlated components. Similarly,
sliced matrices of a given real-world tensor for any two modes often have a low dimensional
structure. For example, consider the 3-order Air Quality tensor X € REXEXKs of gize (30648, 376, 6)
in Table 3 containing (timestamp in second, location, atmospheric pollutants; measurement), sliced
along modes 3. Out of the 6 sliced matrices, the ith sliced matrix X.; € REXE jndicates the
matrix containing (timestamp in second, location; measurement) for the ith atmospheric pollutant.
We observe that the number r of singular values to keep 90% energy of each sliced matrix is
(28,8,6,7,6,18), which is much smaller than I; = 30648 and I; = 360. Note that the energy of
a matrix X.; € RI"*%2 js defined as Z;n:lf (hlz) 0'r2 where o, is the rth singular value of X.;. This
result indicates that the sliced matrices have low dimensional structures. D-Tucker compresses
the given tensor by exploiting the low dimensional structure, achieving low errors. Moreover,
this structure provides the following computational benefit: the approximation phase of D-Tucker
yields faster performance by leveraging the randomized SVD [59] of sliced matrices. It enables
us to avoid performing tensor decomposition methods for sub-tensors, which makes D-Tucker
efficient since the tensor-based methods iteratively perform expensive operations such as n-mode
product. Therefore, D-Tucker achieves high efficiency and low errors even on single-core systems.

We express a reordered tensor X, € RI*EXKsx-=XKn a5 5 collection of sliced matrix X.,  ky-
We formally define the sliced matrix X., . in Definition 4.

DEFINITION 4 (SLICED MATRIX X.k, k). Given a reordered tensor X, € RI*ExKsx-xKn “eqcp
sliced matrix of size I; X I, is extracted by slicing the reordered tensor X,. The size of a sliced matrix
Xiks. ky i8It X I, where I is the number of rows and I, is the number of columns of the sliced matrix.
O
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Mode-1 Matricization Matrix (€ Iy X(I;XK3XK4))
X111 X:21 X:12 X.22
X.21 X.22 /
X1 X.12
Matrix (€ I x(I1xK3xKy))
4-order tensor N
(€ It xI; xK3xKy) Xi11 Xha | XNz | X2

Mode-2 Matricization

Fig. 2. Example of matricizing a 4-order tensor X € RI>*2XKsXKs yising sliced matrices for the first and the
second mode when K3 = 2 and K4 = 2.

After slicing the tensor X, into the matrices X..t, ., we decompose the sliced matrix using
randomized SVD [59] with sparse embedding matrix [14, 34] (line 4 in Algorithm 4).

T
X::k3...kN = U::k34..kN2::k3..4kN Viiks---kN (6)

where Uk, iy (€ RI¥") is a left singular vector matrix, Xk, k, (€ R™") is a singular value
matrix, and V., k, (€ R2%T) is a right singular vector matrix. Note that the number r of singular
values is much smaller than the dimensionalities I; and I,. By computing Equation (6) for all sliced
matrices, we achieve high efficiency in terms of time and space, to obtain factor matrices and core
tensor. In the following initialization and iteration phases, we describe how to perform Tucker
decomposition efficiently with the SVD results of sliced matrices rather than the raw input tensor.

3.3 Initialization Phase

The initialization phase, which initializes factor matrices of a given tensor X, enables the iteration
phase to reduce the number of iterations by providing a good starting point of the ALS algorithm.
The main challenge is how to handle the SVD results for efficient initialization of the factor matrices.
Truncated HOSVD has provided good initial factor matrices to compute Tucker decomposition
based on ALS approach [31]. However, truncated HOSVD has limitations in efficiently initializing
factor matrices using the SVD results because it cannot avoid reconstructing the reordered tensor
for the mode i = 3,4, ..., N using the SVD results. To avoid reconstructing the reordered tensor using
the SVD results, we apply Sequentially Truncated Higher-Order SVD (ST-HOSVD) [57], which is a
variant of HOSVD. Note that ST-HOSVD obtains factor matrix A¥) which contains left singular
vectors of mode-i matricization of XX x; A(VT x; AT ... x; | AU=DT Applying ST-SHOVD allows
us to efficiently initialize factor matrices using the results of the approximation phase, in contrast
to HOSVD. The detail is described in initializing factor matrices for the remaining modes.

D-Tucker initializes factor matrices by obtaining the left singular vectors efficiently using the SVD
results. For the first mode, we efficiently obtain the factor matrix by reusing the SVD results from
the approximation phase. For the second mode, we efficiently compute mode-1 product between
the first factor matrix and the SVD results by carefully ordering matrix multiplications, and then
obtain the initial factor matrix. For the remaining modes, we process a small tensor computed
by n-mode products between the SVD results and the factor matrices of the first and the second
modes. These enable D-Tucker to achieve high efficiency in term of time and space. Note that
we use standard SVD [7] in the initialization phase since the randomized SVD can decrease the
effectiveness of the initialization. We describe the initialization of the first two modes corresponding
to the dimensionalities I; and I, and then describe those of remaining modes [35].
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Static and Streaming Tucker Decomposition for Dense Tensors 111:11

Algorithm 5: Initialization phase of D-Tucker

Input: SVD results U, ¥, and Vy for I =1,2, ..., L
where L is the number of sliced matrices

Output: initialized factor matrices A (i=12,..,N)
Parameters: rank J; (i=1,2,..,N)

1: perform SVD of [U121;--- ;ULZL] ~UxvT
AL U
compute Y(z),inter = AT [Ul; e ;UL]
Yreuse < Y(z),inter
Y(Z),inter « Y(Z),interblkdiag({Zlv;r}le)
Y — reshape(Y (2) inters [J1.12. K3, - - ,KN1)
A® — J, leading singular vectors of Y 3)
fori < 3to N do

if i = 3 then
10: Yreuse < Yreuseblkdiag({Z,V] A}
11: Y « reshape(Yreuse, [J1, J2, K3, -+ , Kn])
12: else
13: Y — Yreuse Xi-1 A(i_l)T
14: end if
15 A — leading singular vectors of Y ;)
16: Yreuse — Y
17: end for

First mode. Our goal is to initialize the factor matrix of the first mode as left singular vectors
of mode-1 matricization of X. A naive approach would compute SVD of mode-1 matricization of X.
However, this approach requires heavy computation and high memory usage since it directly deals
with large-scale dense tensor. Our idea is to avoid reconstructing X from the SVD results of sliced
matrices, initializing the factor matrix of the first mode. Without the reconstruction, we reduce the
computational cost and memory usage.

As shown in Fig. 2, we represent mode-1 matricized matrix X(; of the reordered tensor X, as
follows:

X1y = [Xetots 5 Xakky | = [Xaseo -3 X0s -5 X0

where L is equal to K3 X - - - X Ky, and the index [ is defined as in Equation (7).

l=1+i((ki—1)ﬁKm) @)
i=3 m=3

where K, is the dimensionality of mode-m, N is the order of the input tensor, and Hﬁ,;g K, is equal
to 1if i — 1 < m. Note that we represent a sliced matrix as X; with the index [ instead of X.x, k\
for brevity. Using the SVD of sliced matrices, the mode-1 matricized matrix X(;) is expressed as
follows:

Xa) = [X1;~~- s X5 ;XL] > [)N(l;"’ s X5 §)~(L] (8)

where X; is a representation of UIZZVIT. The computational cost to explicitly reconstruct the

matrices X; for [ = 1..L from SVD results and to obtain left singular vectors of X(1) is expensive
in terms of time and space. D-Tucker obtains left singular vectors of the first mode without the
reconstruction of X;. The main idea is to carefully decouple U;%; and VI, and perform SVD of a
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111:12 Jun-Gi Jang and U Kang

concatenated matrix consisting of U;X; for I = 1..L. The above idea allows us to efficiently obtain
left singular vectors of the concatenated matrix based on block structure [21, 23]. Performing SVD
of the concatenated matrix (€ RIX(™<Ksx-xKn)) consisting of U;¥; for [ = 1..L is more efficient
than SVD of the mode-1 matricized matrix X(;) (€ REX(LxKsx:XKN)Y (line 1 in Algorithm 5).

X1y = [UiZy;- - ;US| x (blkdiag({Vi}1,))T = UZVT (blkdiag({V;}-,)" 9)

where UXVT is the SVD result of the concatenated matrix [U121; e ;ULZL], and the number L
of sliced matrices is equal to K3 X - - - X K. blkdiag({Vl}lel) € RELXTL g 3 block diagonal matrix
consisting of V; € REXT for]=1,..., L:

V1 O e O
oV, --- O

blkdiag({Vi}1,) = o (10)
0 O . VL

U and VT(blkdiag({Vl}lel))T are column orthogonal and ¥ has the property of singular value
matrix, and thus the last term of Equation (9) has the SVD form. Therefore we obtain the initial
factor matrix A(!) = U (line 2 in Algorithm 5).

Second mode. Our goal is to initialize the factor matrix of the second mode as left singular
vectors of mode-2 matricization of X x; A(VT like ST-HOSVD. As in the first mode, a naive approach
would compute SVD of mode-2 matricization of X x; AT but it has the same problems of heavy
computational cost and high memory requirement. Our idea is to compute X x; AT without
reconstructing X from a set of SVD results of sliced matrices, and then compute SVD of mode-2
matricization of X x; AT, By avoiding the reconstruction, we reduce the computational cost and
memory usage to compute X X; AT,

To compute n-mode product for mode-1, we exploit SVD results computed from the approxima-
tion phase, instead of the given tensor, and then obtain left singular vectors for the second mode.
In detail, we perform matrix multiplication between A()'T and mode-1 matricized matrix described
in Equation (8) as follows:

A = AT UEV ] (A(I)T [Uss - ;UL]) blkdiag({ZV] }L_, (11)
= Y(z),interblkdiag({zlv’f le)

where Y (2) inter = AT [U1; e ;UL], Lisequal to K3 X - - - XKy, and blkdiag({ZlVlT}lel) is a block
diagonal matrix consisting of ZIVIT. In Equation (11), Y(2) inter is computed, and then multiplied
with the block diagonal matrix. After reshaping the result of Y (3) interblkdiag({Z VlT}lel) as a
tensor Y of the size J; X I, X K3 X - - - X Ky, we compute left singular vectors of mode-2 matricized
matrix Y ) to initialize A® (lines 3 to 7 in Algorithm 5).

Remaining modes. For mode i = 3, ..., N, our goal is to initialize A as left singular vectors of
mode-i matricization Y ;) of XX, ADT 5, A@T. .., | AU=DT For a mode-i, explicitly computing
X x; AT 5, AOT .o, AU-2T s inefficient since it is computed for the previous mode-(i — 1).
Our idea is to reuse the result of X x; AT x, A@T ... %, , AU-2T ¢4 initialize the factor matrix
of the mode-i.

Now, we describe how to obtain the factor matrix of the third mode, and then the factor matrix
of the modes i = 4,5, ..., N. For mode-3, the goal is to obtain X x; A(VT x, AT and perform SVD.
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Algorithm 6: Iteration phase of D-Tucker

Input: SVD results Uy, X, and Vy (1 =1,2,..., L),
factor matrices A () (i=1,..., N), and core tensor §
Output: updated factor matrices AW (i=1,...,N), and core tensor G
Parameters: Rank J; (i=1,...,N)
1: fori < 1to2do
2: if i = 1 then

3: Y(l),inter «— A(Z)T [Vl; s ;VL]

4: Y(1),inter < Y(1),interblkdiag({ZUT}L )
5: Y — reshape(Y (1) inter> 11, J2. K3, - - . KN])
6: else

7 Y(Z),inter — A(I)T [UIS c ;UL]

8: Yreuse < Y(2),inter

9: Y(Z),inter — Y(Z),interblkdiag({Zlv?}%zl)
10: H — reShape(Y(Z),inters []1: IZ! K3’ Tt KN])
11: end if

12: Ye—Yxs A(3)T <o XN A(N)T

13 A leading singular vectors of Y ;)

14: end for

15: Yreuse < Yreuseblkdiag({Z, VT AP

16: Yreuse < reshape(Yreuse, [J1,J2, K3, -+ ,KN])

17: fori « 3to N do

18: y — ‘Hreuse X3 A(3)T s Xioq A(i_l)T Xit+1 A(H'l)T S XN A(N)T
19: A « J; leading singular vectors of Y(i)

20: end for

21: 9 — ‘Hreuse X3 A(3)T o XN A(N)T

The following equation re-expresses the mode-1 matricization of X x; A(VT x; AGT,

AT (4 blkdiag({AP}E ) ~ (A<1)T [Uy;- - ;UL]) blkdiag({Z;VTIA® - )
= Y(Z),interblkdiag({ZIV?A(Z) }{J:l)

Note that we save Yeuse = (AT [Uy;-+- ;UL ]) to reuse when computing Equation (12) (line 4
in Algorithm 5). After computing Equation (12), we 1) reshape the result as a tensor Y of size
Ji X Jo X K3 X - -+ X Ky, 2) perform SVD of Y(3), and 3) store Y as Y,cuse for remaining modes
(lines 10, 11, 15, and 16 in Algorithm 5).

Next, factor matrices for mode i = 4,5, ..., N are initialized by using the result of the previous
mode. For mode i, we compute Y eyse Xi—1 AT and then perform SVD of mode-i matricization
of Yyeuse Xi—1 AU"DT Since Y ;) is much smaller than an input tensor X, we efficiently initialize
factor matrices A for i = 3,..., N. This is the reason why we apply ST-HOSVD, not HOSVD
which requires high computational costs to compute left singular vectors for the remaining modes
i =3,...,N.HOSVD needs to perform SVD of mode-i matricization of X. Then, we initialize the
factor matrix A(") as the left singular vectors of the SVD result (line 15 in Algorithm 5).

3.4 Iteration Phase

The goal of the iteration phase is to alternately update factor matrices and compute core tensor by
efficiently computing n-mode products in lines 4 and 8 of Algorithm 2. As described in Section 2.4, a
naive ALS approach is much inefficient in terms of time and space due to large intermediate tensor
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including the input tensor. Furthermore, increasing the number of iterations affect the overall
running time. Therefore, the main challenge of the iteration phase is how to reduce the number
of flops by minimizing the intermediate data. Our ideas to tackle the challenge are to 1) exploit
the special structure of SVD results, 2) careful ordering of matrix multiplications, and 3) avoid
redundant computations for the first and second modes.

Our ideas allow D-Tucker to be less affected by the number of iterations, and to avoid rapid
growth of computational time as the number of iterations increases, due to the small amount of
computations. We describe how to update 1) the factor matrices of the first two modes corresponding
to the dimensionalities I; and I, and 2) those of other modes and the core tensor. Note that we use
standard SVD [7] for stable convergence in the iteration phase.

First mode. Consider updating the first factor matrix A", We use the initialized factor matrices
and SVD results of the sliced matrices for A(!). Following line 4 of Algorithm 2, we efficiently
compute n-mode product for mode-2 using SVD results obtained in the approximation phase instead
of the given tensor, and then perform products for remaining modes 3, 4, ..., N. We matricize the
tensor along mode-2 with the sliced matrices as follows:

X = [XEi XX = Kl KX
After that, we perform matrix multiplication between A®T and the mode-2 matricized matrix as
follows:

y e Vim U ViU = (A(Z)T [Vi;--- ;VL]) blkdiag({Z,U] }1)) (13)
= Y(l),interblkdiag({ZIUIT}ILZI)

where Y (1) inter = AT [Vl; e ;VL] ,Lisequalto K3 X--- XKy, and blkdiag({ZlUlT}le) is a block
diagonal matrix consisting of ZIUIT. In Equation (13), we compute Y (1) inzer, and multiply it with
the block diagonal matrix. Then, we reshape the result of Y (1) inzer blkdiag({%; UlT}szl) as Y of size
I; X Jo XKz X - -+ X Ky (lines 3 to 5 in Algorithm 6). After that, we perform the remaining n-mode
products with Y for n = 3,4, ..., N, and then update the factor matrix AW by computing SVD of
mode-1 matricized matrix Y(;) (lines 12 and 13 in Algorithm 6).

Second mode. Next, to update A?), we compute n-mode product for mode-1 using SVD results
obtained in the approximation phase instead of the given tensor. Then, we perform n-mode products
for remaining modes 3,4, ..., N. As in Equation (11), we perform matrix multiplication between AT
and the mode-1 matricized matrix which is the matricization of the tensor along mode-1 with the
sliced matrices in Equation (8). For efficiency, we compute Equation (11) with the following order:
DY 2)inter = AT [Ul; e ;UL], 2) multiply it with the block diagonal matrix blkdiag({ZlVlT}lel),
and 3) reshape the result of Y (2) interblkdiag ({%; V[T}lel) as Y (€ RIxExKsx--xKnY (lines 7, 9,
and 10 in Algorithm 6). Note that Y (3) jnser is reused when computing A fori=3,4,... N and the
core tensor (line 8 in Algorithm 6). We update A®) by performing the remaining n-mode products
with Y for n = 3,4,..., N, and computing SVD of mode-2 matricized matrix Y ;) (lines 12 and 13 in
Algorithm 6).

Remaining modes and core tensor. Consider updating factor matrices AW foralli=3,4,..., N,
and the core tensor G. The mode-1 matricization of X x; AVT x, A@T is given by Equation (12).
In computing Equation (12), reusing the saved Y ;) inter at line 8 of Algorithm 6 allows us to avoid
redundant computation, sufficiently reducing computational costs; the reason is that Y ;) inter
is much smaller than the input tensor X and the SVD results of sliced matrices. We compute
Y(z),imerblkdiag({ZIV;FA(Z)}{‘zl) and reshape the result Y, ¢yse of size J;1 X Jo X K; - - - X Ky once,
which is reused to compute factor matrices A fori=3,4, .., N and the core tensor § (lines 15
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Static and Streaming Tucker Decomposition for Dense Tensors 111:15

Table 2. Time and space costs of D-Tucker and competitors. Space cost indicates the requirement for updating
factor matrices and the core tensor. Boldface denotes the optimal complexities. I denotes the two largest
dimensionalities, K is the remaining dimensionalities, M is the number of iterations, J is the dimensionality
of the core tensor, and N is the order of the given tensor.

Algorithm ‘ Time Space
D-Tucker O(I?’KN-2 + MNIKN-2J?) O(IKN-2))
Tucker-ALS [30] O(MNI?KN-2]) O(I*’KN-?%)
MACH [56] O(MNIPKN-2]) O(I*’KN-?%)
RTD [11] O(MNI?KN-2) O(I?KN-?2)

Tucker-ts [34] ONPKN=2 4+ MN(IJN + J?N))  O(NIJN + J2N)
Tucker-ttmts [34]|O(NI2KN=2 + MN(IJ?N=2 + J2N=2)) O(NIJN + J2N-1)

and 16 in Algorithm 6). For i = 3,..., N, we update AW by performing the remaining n-mode
products, and SVD of Y(;) (lines 17 to 20 in Algorithm 6). In addition, we update the core tensor by
performing n-mode products between the reshaped tensor Y, eyse (€ RAXEXKs - XKN) and AT for
alln =3,4,..., N (line 21 in Algorithm 6).

3.5 Theoretical Analysis

We theoretically analyze the time complexity, the space complexity, and the error of D-Tucker, as
summarized in Table 2. For brevity, we assume I; =L, =I,K; =K, = ... =Ky =K, r=J1 =, =
w=IN=]

Time complexity. We analyze the time complexities of D-Tucker in Theorem 1.

LEMMA 1. The approximation phase of D-Tucker takes O(I?’K™N~=%) where I is the largest dimension-

ality, and K is the remaining dimensionality. O
PRroOF. See the proof in Appendix A.1. O
LEMMA 2. The initialization phase of D-Tucker takes O (IKN~2J%) where I is the largest dimen-

sionality, K is the remaining dimensionality, and ] is the rank. O
Proor. See the proof in Appendix A.2. O

LEMMA 3. The time complexity of an iteration at the iteration phase is O(NIKN=2]?) where N is
the order of a given tensor, I is the largest dimensionality, K is the remaining dimensionality, and J is
the rank. O

ProoF. See the proof in Appendix A.3. O

THEOREM 1. The total time complexity of D-Tucker is O(I?’KN=2] + MNIKN=2]2) where M is the
number of iteration, N is the order of a given tensor, I is the largest dimensionality, K is the remaining
dimensionality, and ] is the rank. O

Proor. See the proof in Appendix B.1. O

Note that the time complexity of the approximation phase of D-Tucker is proportional only
to the size 2KV =2 of the input tensor without any parameters such as rank J and order N. Also,
D-Tucker is less affected by the number of iterations because the time complexity O(NIKN=2]?)
per iteration of the iteration phase is much smaller than the time complexity O(I?’K™N~2) of the
approximation phase: I is much larger than N J? since I > J and I > N. Thus, D-Tucker avoids
rapid growth of computational time as the number of iterations increases.
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Space complexity. We analyze space requirements of D-Tucker for initializing and updating
factor matrices.

THEOREM 2. D-Tucker requires O(IKN=2]) space for initializing and updating factor matrices. O

Proor. See the proof in Appendix B.2. O

Note that the original input tensor requires O(I?’KN~=2) space. Thanks to the reordering in the
approximation phase, the space complexity of D-Tucker is I/] times smaller than directly using
the raw input tensor. Without the reordering, the compression rate would worsen; e.g., if we have
decomposed sliced matrices of size I X K, the compression rate would have decreased to K,/ ],
which is worse than I/] since I > K, > J.

4 PROPOSED METHOD FOR ONLINE TENSORS: D-TUCKERO
4.1 Overview

We propose D-TuckerO, an efficient Tucker decomposition method in an online streaming set-
ting. Our goal is to design D-TuckerO to efficiently update factor matrices and core tensor for a
new incoming tensor slice. The main challenges that need to be tackled for an efficient Tucker
decomposition method in an online streaming setting are as follows:

(1) Preventing the increase of costs over time. How can we prevent increasing the compu-
tational cost and space cost as tensors continuously arrive over time?

(2) Accelerating updates. How can we accelerate the update process for each incoming time
slice?

We address the challenges with the following main ideas:

(1) Avoiding explicit computations with X,;; and A((J?;) enables D-Tucker to update factor

matrices and core tensor without increasing the costs where X,;4 and Aill\;) are a pre-existing
tensor and a pre-existing temporal factor matrix, respectively.

(2) Applying the approximation phase for an incoming time slice accelerates the update
procedure for factor matrices and core tensor.

As shown in Algorithm 7, D-TuckerO efficiently updates factor matrices when a new incoming
tensor is given. We present an efficient update procedure for each new incoming tensor in Section 4.2,
and then describe how to apply the approximation phase to the update procedure in Section 4.3.
Lastly, we analyze the time and space complexities of D-TuckerO. For brevity, we set the last mode
N as the temporal mode when an N-order tensor repeatedly comes.

4.2 Efficient Update for Time Slice

Our goal is to update factor matrices and the core tensor for a new incoming tensor slice Xy, .
D-TuckerO alternately updates factor matrices, and core tensor as in ALS algorithm; D-TuckerO
updates the n-th factor matrix while fixing the other factor matrices and core tensor. We present
how to update the temporal factor matrix A‘N) and then factor matrices of non-temporal modes.

Temporal Mode. Consider updating the temporal factor matrix ANN). A naive approach is to
update it by computing lines 4 and 5 in Tucker-ALS. However, dealing with an accumulated tensor
X is impractical since the size of the tensor X increases over time. To efficiently update the factor
without dealing with the accumulated tensor, we only update a part of the temporal factor matrix,
ie., A(N )

e » corresponding to f,e,,. Lemma 4 describe an update rule for Agi\i).
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Algorithm 7: Update phase of D-TuckerO

Input: a time slice Xpery € RIEXKXXKN-1Xtnew 3 pre-existing set A of factor matrix A("(;

(n=1,..,N), and core tensor G4, a set ofP(';[;, Q(n) forn=1,. - ,P((le\yl), Q(N+l)

Output: updated factor matrices A,(lf,zw n=1,..,N) and core tensor Snew
Parameters: Rank J; (i=1,...,,N)
1: obtain SVD results U, £;, and V; (I = 1,2, ..., L) of Xpe.y using the approximation phase.
2: obtain A;Ie\]‘z, by computing Equation (14) with the SVD results of X ¢4y
3: forn«— 1toN-1do
4:  obtain A;le)w by computing Equation (15) with the SVD results of X ¢4y
5

P(") P(n)

update P( new Dy Equation (19)

update led Q((J;Z + Q;,ZW by Equation (23)
end for
obtain G, by computing Equation (24) with the SVD results of Xpeqy
update P(N+1) — P(zﬂ) + P;NH) by Equation (25)

10: update Q(N+1) Q<N+1) + Q,(g;:l) by Equation (26)

0w % 3 o

LEMMA 4 (UPDATE RULE FOR TEMPORAL MODE). When fixing all non-temporal factor matrices,
Agfl\i) is updated as follows:

T .

Al(nc) « X(N),new (®Ilc\]—11 (A(k)T) ) GEN) (14)
where T indicates a pseudo-inverse of a matrix, and (®£’:—11 (A(k)T)?) indicates the entire Kronecker
product of(A(k)T)T fork=N-1,N-2,..,2,1. O

Proor. See the proof in Appendix A.4. O

Since A(()Il\;) is already computed at the previous step, we only compute Ag:i) using Xpew, G(n),

and A" for n = 1,2,.., N — 1. In updating the temporal factor matrix AN) | we exploit G(N),0ld
and A(()';U)I forn=1,2, ...:N —1 to compute Gy and (®N 1 (A(k)T) ), respectively. In Equation (14),
we compute 1) (A(")T)I fork =1,..,N — 1, 2) the Kronecker product, and 3) matrix multiplication

between X (n) news the result of the Kronecker product, and G' in Equation (14).

(N),old

Non-temporal Modes. Our goal is to update A(™ when a new incoming tensor X ., is given.
By avoiding explicit computations with X,;; and A(()Jl\;) whose size increases over time, we efficiently
update A", We first introduce an update rule for A", and then provide details on efficiently

computing A based on the rule.

LEMMA 5 (UPDATE RULE FOR NON-TEMPORAL MODE). WhenﬁxingA(k) fork=1,..,n-1,n+1,.., N,
A;’;)W is updated as follows:

-1

AL <P Q) (15)
where P and Q™ are equal to X(,,)(®k¢nA(k))G(Tn) and (G(,,)(®,ﬁtn(A(k)TA(k)))G(Tn)), respec-
tively. O

Proor. See the proof in Appendix A.5. O
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To update A, we compute P(™ and Q™ in Equation (15). However, a naive computation for
Equation (15) is impractical since the size of X(,) and AW) increases over time. To achieve the
efficiency, we avoid explicit computations with X, 014 and A(()i;) decoupled from X,) and AN,
respectively, in P") and Q™).

We now describe details on efficient computations of P and Q("). Given P we divide it into
P(();l; and P,(fgv where P(()Z; and P,(féz” are equal to Equations (17) and (18), respectively.

P = [X(mpotd  X(m,new] X A%Zd; ® (&7, AY) | G,y (16)
= (X(n),ozd(A%) ® (®;i;lA(k)))G{n)) (17)
+ (Xmnew(AD ® (01,1496, ) (18)
B ®

n)

14 is computed and stored at the previous step. p(

We only compute PSZL, for Equation (19) as PL()

is used as P'") at the next step.
old

Next, we efficiently compute QU); we divide Q™ into Qfﬂ and Q,(I'Z,)W which are equal to

Equations (21) and (22), respectively.

(N)
A
(n) _ (N)T (N)T 9 N—1/4 (k)T 4 (k) T
Q"™ =Gy [Aold A, ] Ad\% ®(®k¢n (A"™TA ))G(n) (20)
nc
T —_
=G ((ADTAND) © (81 (APTAW))| 6T, (21)
N)T , (N -
+Gn) ((Agnc) Afnc))(@’iinl (A(k)TA(k)))) G<Tn) 22)
= Q)+ Qn (23)

Similar to P, Q(()';; is computed and stored at the previous step. We only compute Q,(jgv for

Equation (23). Q™ is also used as Qfﬂ at the next step.
Core tensor. After updating factor matrices, we update the core tensor with Lemma 6. By
avoiding explicit computations with X,;; and A((]]l\y, we efficiently update G. We first derive an

equation for updating the core tensor, and then describe how to efficiently update it.

LEMMA 6 (UPDATE RULE FOR CORE TENSOR). When fixing all factor matrices, we update the core
tensor with the following equation:

Gn) = (Q(N+1))—1 pN+1) (24)
where PN and QN*D) are equal to ANTX () (@1 AR (ARBTAK) 1) gng (ANTAN)),
respectively. Note that (N + 1) in PN*D and QIN*V corresponds to the core tensor. O

PRrROOF. See the proof in Appendix A.6. O

A naive computation for Equation (24) is expensive due to X and AN corresponding to t;o74;.
Therefore, we precisely divide PN+ and QIN*1) to avoid computing the terms related to X,;4 and
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A((,Il\(]i)~ PN*D) g divided as follows:

:
(N+1) _ A(N)T N1 T\ _ MT A T] | X(N)0ld N-1(AK)T
e = a0 <[ ][ o 40

_ _ i 25
= A((Jld) X(N),old (®;1<V:11 (A(k)T) ) +A(rllV) X(N),new (®11<V=11 (A(k)T) ) (25)

P(N+1) I)(N+1)

old new

Similar to updating the factor matrices of the non-temporal modes, we only compute P,(lf;l) for

updating the core tensor since P(N+1> is already computed at the previous step.

Next, we divide Q(N“) into Q(NH) and Qfg,:l).

(N+1) _ A(N)TA(N) _ | A(N)T A (N)T (N)T 5 (N) (N)T 5 (N)
Q =A A - Aold Ainc ] A?N) (Aold Aold ) (Alnc Amc ) (26)
1204
N N
= Qéldﬂ) + Qr(lele)
Then, we compute Qnew , and obtain QN*1); note that Q( ) is already computed at the previous

step.

4.3 Applying Approximation Phase

The objective of applying the approximation phase is to accelerate the update process for each
incoming time slice. The main ideas are to 1) approximate a time slice by performing randomized
SVD of each sliced matrix of a time slice and 2) update factor matrices and a core tensor with the
SVD results of the time slice instead of the time slice X,.,,. We accelerate computing Equation (14)
for the temporal mode, the computation of P("™) for non-temporal modes, and P‘N*V) for the core
tensor.

Temporal Mode. To obtain the factor matrix Al%) of the temporal mode, we first apply the
approximation phase for a new incoming tensor X, and then efficiently compute Equation (14).
With the temporal mode fixed to the last mode, we assume that dimensionalities of an incoming
tensor X e,y € REXEXXT are sorted in descending order.

To apply the approximation phase to Equation (14), we start from re-expressing the term Xy new

(®,1<V= _11 (A(k)T)T) in tensor form. Referring to Equation (5), we can rewrite the term as follows:

¥ T
xnew X1 (A(l)) s XN-1 (A<N_1))

Since the above equation has the same form as line 4 of Algorithm 2 for the N-th mode, computing
it is the same as computing the N-th factor matrix in the iteration phase of D-Tucker. D-TuckerO
first performs randomized SVD of each sliced matrix of a time slice X,;¢,, where the size of a sliced

matrix is I; X I;. Then, we compute the term X .., X1 (A(l))Jr X2 (A(Z))T. The mode-1 matricization
of the term is given by the following equation.

Yinter = ((A(”)T [Us- - ;UL]) X blkdiag ({Z,V,T (A<2>T)T lL_l) (27)

We compute (A(l))+ [Us;-- - ;UL| and blkdiag({;V] (A(Z)T)T}lel) , respectively; then, Yipser is
obtained by multiplying the two results. After that, we perform n-mode products between Y;,ser
and (A("))T forn =3,4,..,N — 1. Lastly, Ag\? is updated by multiplying the mode-N matricization

of the result of the n-mode products and GIN).
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Non-temporal Modes. For a mode n except for N, the goal is to efficiently compute P,(fz,zw =

(X(n),new (Al(i\? ® (®N 1A(k)))G )) for updating the n-th factor matrix. Due to the expensive
computations with xnew as in Tucker-ALS we apply the approximation phase to reduce the

computational cost of computing P,(JQW We perform randomized SVD of each sliced matrix of a

new incoming time slice X,.,, where the size of a sliced matrix is I; X I, and then compute PS:;L,

using the SVD results.
(V)
nc

To obtain Pile)w, we compute (X(p) pew (A, ® (®N_1A(k))) and then multiply it with GT

Before applying the approximation phase, we re-express (X(n) new (A ) ® (®N 1A(k))) in tensor
form as follows:

X X1 AT -5 AT 5y ADT ey ALDT (28)

mnc

Since the above equation has the same form as line 4 of Algorithm 2 for the n-th mode, computing
it is the same as computing the n-th factor matrix in the iteration phase of D-Tucker. By using
the SVD results of each sliced matrix of the time slice X,¢,,, we compute Equation (28) in the

same way as computing an n-th factor matrix in the iteration phase of D-Tucker. Then, we obtain

,(.,Z)W by performing matrix multiplication between the mode-n matricized version of the result of
Equation (28) and GT ()" After that, we update the n-th factor matrix using P,(lezv.

Core tensor. To efficiently update the core tensor G, we focus on accelerating the computation for

the matrix P,(lf;l) since the matrices PE)NH) and Q(NH) are already computed and the computational
cost of Q,(fevvtl) is relatively low. For Pﬁg‘tl) = Al(:?TX(N),neW (®kN=_11 (A(k)T)T) directly using
X(N),new is inefficient, so we apply the approximation phase. We first re-express P,(gw ) in tensor
form:

Xper X1 AT ooy AN 5y Alfﬁ)T (29)

Pffe\],:l) is obtained by computing the above equation in the following order: computing 1) Equa-

tion (27) for Xpew X1 (A(l)) (A(Z)) 2) n-mode products with AT for n = 3,.., N — 1, and 3)

n-mode product with Af)ﬁ)T Note that we use the SVD results of X,;,, in Equatlon (27), thereby

we reduce the computational cost to update the core tensor compared to using X,.,,. After that,

we compute Equation (24) using Pg;l).

4.4 Theoretical Analysis

THEOREM 3. Given a time slice X,y 0f size I x KN73 X T, the total time complexity of D-
TuckerO to update factor matrices and core tensor is O(I’ KN 3Ty, + NIKN 3T, J?) where N is the
order of a given tensor, I is the largest dimensionality, K is the remaining dimensionality, and J is the
rank.

ProoF. See the proof in Appendix B.3. O

THEOREM 4. D-TuckerO requires O(IKN 3Ty, J) space for updating factor matrices when a new
incoming tensor X of the size I} X I X KN73 X Ty, is given.

ProoOF. See the proof in Appendix B.4. O

5 EXPERIMENT

In this section, we experimentally evaluate the performance of D-Tucker and D-TuckerO. We
answer the following questions:
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Table 3. Description of real-world tensor datasets for evaluating the performance of static Tucker decomposi-
tion methods.

Dataset Order Dimensionality Rank
Braing' [36] 3 (360,21764,9)  (10,10,5)
Boats? [58] 3 (320,240,7000) (10, 10, 10)
Air Quality® 3 (30648,376,6) (10, 10,5)
HSI* [17] 4 (1021, 1340,33,8) (10,10, 10,5)

Table 4. Description of real-world tensor datasets for evaluating the performance of streaming Tucker
decomposition methods.

Dataset Order Dimensionality Rank
Stock 3 (3028, 4, 200) (10,4, 10)
FMA’ [15, 16] 3 (7994,1025,200)  (10,10,10)
Traffic® [45] 3 (1084,96,200)  (10,10,10)
Absorb’ 4 (192, 288,30, 200) (10, 10,10, 10)

e Q1. Time cost and reconstruction error (Section 5.2). How quickly does D-Tucker
obtain factor matrices and core tensor compared to other competitors, while having low
reconstruction error?

o Q2. Effectiveness of the initialization phase (Section 5.3). How much does the initial-
ization phase reduce the number of iterations in D-Tucker?

e Q3. Efficiency of the iteration phase (Section 5.4). How efficient is the iteration phase
of D-Tucker compared to other methods?

e Q4. Space cost (Section 5.5). How much space does D-Tucker require to obtain factor
matrices and core tensor compared to other competitors?

o Q5. Scalability (Section 5.6). How well does D-Tucker scale up with regard to dimension-
ality, rank, order, and a number of iterations?

e Q6. Running time and error in online streaming setting (Section 5.7). For each new
incoming tensor, how efficiently does D-TuckerO update factor matrices and core tensor?

e Q7. Size of a time slice in an online streaming setting (Section 5.8). How efficiently
does D-TuckerO handle an incoming tensor slice of various sizes?

5.1 Experimental Settings

We describe experimental settings for the datasets, competitors, and environments.

Machine. We use a workstation with a single CPU (Intel Xeon E5-2630 v4 @ 2.2GHz), and 512GB
memory.

Dataset. For static Tucker decomposition, we use four real-world tensors in Table 3 for evaluating
the performance. Brainq dataset! [36] contains fMRI information consisting of (word, voxel, person;
measurement). Boats dataset? [58] contains gray scale videos in the form of (height, width, frame;
value). Air quality dataset® contains air pollutant information in Korea, in the form of (timestamp in
second, location, atmospheric pollutants; measurement). HSI dataset* [17] contains hyperspectral

Thttp://www.cs.cmu.edu/afs/cs/project/theo-73/www/science2008/data.html

Zhttp://changedetection.net/

3https://www.airkorea.or.kr
4https://personalpages.manchester.ac.uk/staff/d.h.foster/Hyperspectral_images_of_natural_scenes_04.html
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images of natural scenes in the form of (spatial dimension (x), spatial dimension (y), spectral
dimension, scene index; value).

For online streaming decomposition, we use four real-world tensors described in Table 4. Stock
dataset contains features of stocks over 200 days in South Korea. The features consist of (adjusted
opening price / previous day’s adjusted closing price), (adjusted highest price / previous day’s
adjusted closing price), (adjusted lowest price / previous day’s adjusted closing price), and (adjusted
closing price / previous day’s adjusted closing price). FMA dataset® [15, 16] is a song dataset
whose form is (song, frequency, time; value). Each song is represented as an image of a log-power
spectrogram. Traffic dataset® [45] contains traffic volume measurements from 1,084 sensors over
200 days, and each sensor yields 96 observations per day. Absorb dataset’ is a 4-order tensor
containing aerosol absorption; the form is (longitudes, latitudes, altitude, time; measurement). Note
that the original values in this data are so small that we use a tensor multiplied by 10.

Competitors. We compare D-Tucker with static Tucker decomposition methods based on ALS
approach. All the methods including D-Tucker are implemented in MATLAB (R2019b).

e D-Tucker [24]: we use randomized SVD [14] in the approximation phase using the im-
plementation of Malik and Becker [34], standard SVD (svds() function in MATLAB) in the
initialization and iteration phases, and Tensor Toolbox [6] for tensor operations such as
n-mode product and matricization.

e Tucker-ALS: Tucker decomposition method based on ALS. We use the implementation in
Tensor Toolbox [6].

e MACH [56]: Tucker decomposition method which samples entries of an input tensor and
runs Tucker-ALS for the sampled tensor. We run Tucker-ALS in Tensor Toolbox [6] after
sampling elements of a tensor.

¢ Randomized Tucker Decomposition (RTD) [11]: Tucker decomposition using a ran-
domized algorithm. We use the Matlab code provided by authors.

e Tucker-ts, Tucker-ttmts [34]: Tucker-ts is a Tucker decomposition method using tensor
sketch designed to approximate the solution of a large least-squares problem. Tucker-ttmts
is a variant of Tucker-ts for better efficiency. We use the Matlab code® provided by authors.

We also compare D-TuckerO with the following streaming Tucker decomposition methods in an
online streaming setting:

e D-TuckerO: We leverage Tensor Toolbox [6] for tensor operations such as n-mode product
and matricization.

e Tucker-ALS: Tucker decomposition method based on ALS. We use the implementation in
Tensor Toolbox [6].

e Tucker-ts, Tucker-ttmts [34]: Tucker-ts and Tucker-ttmts are easily adapted to online
streaming settings.

e DTA (Dynamic Tensor Analysis): DTA finds factor matrices and core tensor to fit to newly
arrived tensors. We use the Matlab code’ provided by authors.

o STA (Streaming Tensor Analysis): STA is an approximation version of DTA that finds factor
matrices and core tensor to fit to newly arrived tensors. We use the Matlab code’ provided
by authors.

Parameters. We use the following parameters.

Shttps://github.com/mdeff/fma
Shttps://github.com/florinsch/BigTrafficData
Thttps://www.earthsystemgrid.org/
8https://github.com/OsmanMalik/tucker-tensorsketch
http://www.cs.cmu.edu/~jimeng/code/tensorCode.zip
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(a) Running time vs. error for Brainq
and Boats datasets

(b) Running time vs. error for Air
quality and HSI datasets

(c) Memory Usage

Fig. 3. D-Tucker achieves the best performance in terms of error, running time, and memory usage. (a)
(b) Comparison for the tradeoff between running time and error; D-Tucker is up to 38.4x faster than the
second-fastest competitor while having a similar error. (c) Space cost of D-Tucker. D-Tucker initializes and
updates factor matrices and core tensor by using up to 17.2x smaller space than competitors except for Boats
dataset. Note that, for Boats dataset, D-Tucker requires 2Xx higher space than Tucker-ttmts which has 7.5x
higher error than our method.

e Number of threads: we use a single thread.

e Max number of iterations: we set the maximum number of iterations to 50.

e Rank: the dimensionality J, of the nth mode of a core tensor is set to 10. We set it to 4
and 5, respectively, when the dimensionality is smaller than 5 and 10, respectively. We also
set the rank J of randomized SVD to 10 which is the same as the dimensionality J,, of core

tensor.
VIXIE-1IIS I

B9 [28] is less than

e Tolerance: the iteration stops when the variation of the error
€ = 10™* except in Section 5.3 where we vary it.

We set other parameters of competitors based on their original papers. To compare running time,
we run each method 10 times for D-Tucker and D-TuckerO, and report the average.
Reconstruction error. In a static setting, we evaluate the accuracy in terms of reconstruction

x-X |12 . . S .
w where X is an input tensor and X is the reconstruction of the output of
F
Tucker decomposition.

In an online streaming setting, we measure the two kinds of errors, global and local reconstruction

error defined as

errors. The global reconstruction error is defined as where X; is a tensor obtained

RN
at time i and X; is a reconstructed tensor from factor matrices and core tensor of D-TuckerO.
The global error indicates how well the results of a Tucker decomposition method represent an

Hxnew_xnew”F
. . |Kxnew”F L
contrast to the global error, the local error indicates how well the results of a Tucker decomposition

method represent a new incoming tensor.

accumulated tensor over time. The local reconstruction error is defined as .In
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Fig. 4. The initialization phase of D-Tucker helps reduce the number of iterations and thus the total running
time. (a-d) The number of iterations with the initialization phase is up to 1.7x, 1.4, 1.4%, and 1.1x smaller
than those without the initialization phase for Braing, Boats, Air quality, and HSI datasets, respectively. (e)
The average ratio of the running time in the initialization phase compared to the total running time does not
exceed 20% for all the datasets.

5.2 Time Cost and Reconstruction Error (Q1)

We measure the running time and the reconstruction error of D-Tucker and competitors. As shown
in Fig. 3(a) and 3(b), D-Tucker achieves the best trade-offs between the time and error, achieving
up to 38.4x faster running time than Tucker-ts, Tucker-ttmts, and MACH with smaller or similar
reconstruction errors. Tucker-ALS and RTD have smaller reconstruction errors for Air quality and
HSI datasets, but they are at least 3.4 and 42X slower than D-Tucker, respectively.

5.3 Effectiveness of the Initialization Phase (Q2)

We show that the initialization phase of D-Tucker provides a good starting point for the iteration
step, by measuring the number of iterations in the iteration phase. We vary the error tolerance
€ in the iteration phase from 10™* to 1078, As shown in Fig. 4, the number of iterations with the
initialization phase is up to 1.7x smaller than that without the initialization phase. The initialization
phase allows D-Tucker to reduce the total running time since the running time of the initialization
phase is less than the reduction time of the iteration phase. Moreover, the average ratio of the
initialization phase’s running time to the total running time in D-Tucker does not exceed 20%. This
indicates that the initialization phase of D-Tucker reduces the number of iterations significantly
with little additional overhead on the total running time.

5.4 Efficiency of the Iteration Phase (Q3)

We investigate the number of iterations and the running time per iterations. In Fig. 5, For each
iteration, D-Tucker is at least 4.6X faster than competitors on all datasets except for Boat dataset,
and consumes smaller number of iterations than the competitors. Although Tucker-ttmts is faster
than D-Tucker at each iteration, it requires larger number of iterations than D-Tucker; hence, the
total running time of D-Tucker is 4.5% longer than that of Tucker-ttmts at iteration phase. For the
number of iterations, Fig. 5(b) shows that D-Tucker requires smaller number of iteration than all
the competitors except for Tucker-ALS on 3-order datasaets; however, the difference is quite small
considering the running time per iteration.

5.5 Space Cost (Q4)

We investigate the memory requirements of D-Tucker and competitors for initializing and updating
factor matrices and core tensor. Fig. 3(c) shows that D-Tucker requires up to 17.2X smaller space
than the second best methods Tucker-ts and Tucker-ttmts in terms of memory usage. For Boats
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Fig. 5. In the iteration phase, D-Tucker is the most efficient compared to competitors. (a) The running time of
each iteration of D-Tucker is up to 6.6X faster than those of competitors except for the Boats dataset. For
the Boats dataset, Tucker-ttmts achieves the fastest running time per iteration, but requires much larger
number of iterations, and has much higher error than D-Tucker. (b) The number of iterations of D-Tucker
is in general smaller than others; while there are cases D-Tucker requires more number of iterations, the
difference is negligible considering the running time per iteration.

dataset, Tucker-ts, and Tucker-ttmts require small space since this dataset has the following setting
where the two methods operate well: 1) order N and rank J are very small, and 2) dimensionalities
I'and K are very large. Note that D-Tucker has 7.5x% less error than Tucker-ttmts while requiring
2.1x more space than Tucker-ttmts.

5.6 Scalability (Q5)

We investigate the scalability of D-Tucker and competitors with regard to dimensionality, target
rank, order, and number of iterations in Fig. 6. In sum, D-Tucker is the most scalable with the
smallest running time. Since the time complexities of Tucker-ts and Tucker-ttmts are proportional
to JV, they are not scalable for the target rank, and order of an input tensor. RTD operates for all
the given experimental settings, but RTD is much slower than D-Tucker. MACH and Tucker-ALS
also operate for all the given experimental settings, but they are at least 2x slower than D-Tucker.
Furthermore, they become much slower than D-Tucker as the number of iteration increases (e.g.,
when setting smaller tolerance € or when converging slowly in real-world datasets). The details of
scalability experiments are as follows.

Dimensionality. For investigating the scalability related to dimensionality, we generate syn-
thetic 3-order tensors of true rank J;,,. = 10, while increasing the total dimensionality I;I,K3 from
10° to 101 (dimensionality list: {(10%, 102, 10%), (10, 102, 102), (103, 10, 10%), (103, 10, 10%), (10%, 103,
10%)}). As shown in Fig. 6(a), D-Tucker is the fastest for various dimensionalities, and runs at least
2.7x faster than all competitors.

Target rank. For investigating the scalability related to target rank, we generate synthetic
3-order tensors of size I; = I, = K3 = 103 and true rank J;,,. = 10, while varying the target rank
from 10 to 50. As shown in Fig. 6(b), D-Tucker is the fastest for various target ranks. Tucker-ts and
Tucker-ttmts provide the worst scalabilities since their time complexities are proportional to JN.
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Fig. 6. Scalability of D-Tucker compared to other Tucker decomposition methods. O.0.M.: out of memory. For
clarity, we show 4 groups of methods having similar tendencies. Note that D-Tucker is the most scalable with
the smallest running time: for all settings, D-Tucker is at least 2.1x faster than competitors. Tucker-ts and
Tucker-ttmts have limited scalability with respect to the target rank and the order. RTD has good scalability
for all aspects, but it is up to 76X slower than D-Tucker. MACH and Tucker-ALS are also scalable for all
aspects, but they are at least 2x slower than D-Tucker. Furthermore, their performance gaps compared to
D-Tucker become even worse when the number of iteration increases.

The running times of all competitors except Tucker-ts and Tucker-ttmts scale with regard to target
ranks, but they are at least 2.1x slower than D-Tucker.

Order. For investigating the scalability related to order N, we generate synthetic N-order tensors
of true rank J;,,. = 10, while varying the order from 3 to 7. We set dimensionalities of synthetic
tensorsto I; = 103, I, = 104, and K; = 10 fori = 3,4,...,7. In Fig. 6(c), D-Tucker is the fastest
for various orders of input tensors. Since the time and memory complexities of Tucker-ts and
Tucker-ttmts are proportional to J?V, they are 5883x slower than D-Tucker, and cannot deal with
6 and 7-order tensors. Although all competitors except Tucker-ts and Tucker-ttmts can process
higher order tensors, they are at least 2.1x slower than D-Tucker.

Number of iterations. We generate synthetic 3-order tensors of size I, = I, = K3 = 10 with
true rank Jye = 10. Then we evaluate the running time varying the number of iterations from 5 to
25. As shown in Fig. 6(d), D-Tucker is the fastest for varying numbers of iterations. In addition,
the running time of D-Tucker is not affected much by the number of iterations while those of
all competitors except Tucker-ts and Tucker-ttmts are affected much by the number of iterations.
Note that the running time of Tucker-ts and Tucker-ttmts are 3.6X slower than that of D-Tucker
although those are less affected by the number of iterations than D-Tucker.

5.7 Streaming Setting (Q6)

We compare D-TuckerO with streaming Tucker decomposition methods. We initially construct
factor matrices and a core tensor using the first 20% of a whole tensor, and then measure the
running time of updating a new incoming tensor at each time point. In addition, we set ty,, of
each time slice to 10.

Running Time. As shown in Fig. 7, we compare the running time of D-TuckerO with those
of competitors. For the 3-order datasets, D-TuckerO is up to 6.1x faster than the second-fastest
competitor Tucker-ttmts as shown in Fig. 7(a) to 7(c). Also, D-TuckerO is at least 2.9x faster than
the competitors for Absorb dataset which is a 4-order tensor. In addition, the running time of
D-TuckerO does not increase over time since it is proportional to the size of a new incoming tensor,
not the accumulated tensor.
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Fig. 7. Running time of D-TuckerO and competitors over time. D-TuckerO outperforms competitors when
we compare the running time of updating factor matrices and core tensor for each new incoming tensor.
D-TuckerO is up to 6.1 faster than the second fastest method, and the running time does not increase over
time.
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Fig. 8. Global and local errors in an online streaming setting. D-TuckerO achieves comparable global and
local errors with Tucker-ALS which is a static version of Tucker decomposition.

Error. We measure global and local reconstruction errors of D-TuckerO and competitors. Fig. 8(a)
to 8(d) show the results for global reconstruction errors, and Fig. 8(e) to 8(h) show the results
for local reconstruction errors. As shown in Fig. 8(a) to 8(d), D-TuckerO has comparable global
errors with Tucker-ALS which performs Tucker decomposition for accumulated tensors, while DTA
and STA have higher global errors than D-TuckerO. These results indicate that updated results
of D-TuckerO sufficiently contain global patterns of an accumulated tensor. As shown in Fig. 8(e)
to 8(h), the local errors of D-TuckerO are close to those of Tucker-ALS which is a static version of
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Fig. 9. We measure the running time of D-TuckerO, varying the size of a time slice. The running time of
D-TuckerO increases near-linearly as the size of a time slice increases. Note that a slope equal to 1 indicates
linear scalability.

Tucker decomposition since updated results of D-TuckerO sufficiently contains information of a
new incoming tensor. In addition, the approximation phase of D-TuckerO does not hurt accuracy
much since a time slice of real-world datasets has a low-rank structure.

5.8 Size of Time Slice (Q7)

We evaluate the performance of D-TuckerO, varying the size t,,, of a time slice: 10, 20, 40, 80, and
160. Fig. 9 shows that there are near-linear relationships between t,,,, and the running time of
D-TuckerO in an online streaming setting; for all the four datasets, the slopes are close to 1. This is
because the running time of D-TuckerO is proportional to the size of a new incoming tensor.

6 RELATED WORK

We describe related works for Tucker decomposition methods and their applications.

Tensor decomposition. De Lathauwer et al. [31] proposed Tucker-ALS (Algorithm 2) which
alternately updates factor matrices and obtains core tensor. A few Tucker decomposition methods
slightly reduce the computational time using efficient matrix operations [5, 33]. Che et al. [11]
applied randomized algorithms for Tucker decomposition. The main challenges of Tucker decom-
position are heavy computational time and large memory requirements due to large-scale dense
tensors. To overcome the challenges, MACH [56] is designed to reduce the computational time
and the memory requirement by sampling input tensors. Also, Malik et al. [34] used a sketch of
input tensors to overcome the challenges. However, there is still plenty of room for improvement
in terms of efficiency. Several Tucker decomposition algorithms [4, 10, 13, 26, 38, 46, 60] have been
developed in parallel and distributed systems as well. Several works [4, 8, 10, 13] optimize n-mode
product for dense tensors in distributed systems. Other works present Tucker decomposition meth-
ods exploiting the characteristic of sparse tensors in parallel systems [38, 39, 49] and distributed
systems [26, 38]. Contrary to the above methods, D-Tucker efficiently runs on a single machine.

Streaming Tensor Decomposition. Many works [3, 18, 37, 48, 51, 62, 63] have developed CP
decomposition methods in an online streaming setting. RLST (Recursive Least Squares Tracking)
and SDT (Simultaneous Diagonalization Tracking) [37] are adaptive PARAFAC decomposition
methods of a third-order tensor in an online streaming setting. Zhou et al. [63] developed on-
lineCP, a streaming CP decomposition method, while Zhou et al. [62] extend onlineCP for sparse
tensors. Gujral et al. [18] and Smith et al. [48] proposed streaming CP decomposition methods in
parallel systems. Lee et al. [32] proposed a robust tensor factorization that leverages two temporal
characteristics: graduality and seasonality. Ahn et al. [2, 3] proposed tensor factorization methods
by capturing temporal locality patterns. Son et al. [50] proposed a n online tensor factorization
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method by capturing sudden change in data. The main difference between the above methods and
our proposed method is that they focus on developing online versions of CP decomposition while
D-TuckerO is based on Tucker decomposition.

Sun et al. [52] incrementally analyzed temporal tensors over time: they proposed two algorithms,
DTA (dynamic tensor analysis) and STA (streaming tensor analysis). However, the above methods
update factor matrices and core tensor by naively using a new incoming tensor without compression,
thereby efficiency improvement is limited when a new incoming tensor is sufficiently large. In
addition, tucker-ts and tucker-ttmts [34] can be applied to online streaming settings. However, they
fail to avoid increasing the running time over time. Sun et al. [53] proposed a streaming Tucker
decomposition method with a sketching technique in distributed systems, assuming that time slices
are stored in several machines. MAST [51] deals with the scenario in which a given tensor grows
in multiple modes while D-TuckerO runs on the setting where only one mode increases.

Applications of Tensor decomposition. Tucker decomposition has been widely used for
several applications including dimensionality reduction [27, 47], recommendation [12, 40, 44],
clustering [9, 20], image tag refinement [54, 55], phenotype discovery [1, 43, 61], and many oth-
ers [22, 29, 42]. Oh et al. [40] analyzed movie rating data and discovered relations between movie
and time attributes by considering only observable entries. Kim et al. [27] used Tucker decompo-
sition for compressing a deep convolutional neural network. Jang et al. [25] proposed a Tucker
decomposition-based method to efficiently analyze a given time range.

7 CONCLUSIONS

We propose D-Tucker and D-TuckerO, efficient Tucker decomposition methods for large-scale dense
tensors in static and online streaming settings. D-Tucker and D-TuckerO accelerate computing
Tucker decomposition by approximating a given dense tensor, and carefully computing Tucker
results from the approximated tensor. We show D-Tucker provides the fastest running time and
the smallest memory usage. Furthermore, D-TuckerO is also the fastest method to update factor
matrices and core tensor for new incoming tensors. We also provide theoretical analysis for the time
and space complexities of D-Tucker and D-TuckerO. Extensive experiments show that D-Tucker is
up to 38.4X faster, and requires up to 17.2X less space than existing methods with little sacrifice in
accuracy. D-Tucker is also scalable with regard to dimensionality, rank, order, and the number of
iterations. D-TuckerO is up to 6.1X faster than existing methods running in an online streaming
setting, while not increasing the running time over time.
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1555 APPENDIX
153 A PROOFS OF LEMMAS

1557 We provide proof for lemmas described in the proposed method sections (Sections 3 and 4).
1538

153 A1 Proof of Lemma 1

jzj? ProoF. Performing randomized SVD of each sliced matrix takes O(I%) (Algorithm 1). Since the

o number of sliced matrices is KN =2, the time complexity of the approximation phase is O(I?K™~2).
[m]

1543

A2 Proof of Lemma 2

12: Proor. For the first mode, size of [U121; .. ;UIZI] is IxKN=2]. Then, performing SVD [7] takes

157 O(IKN72J2) for the first mode. For the second mode, it takes O(IKN"2]2) to compute Y (2) inrer
1545 (line 3 of Algorithm 5), O(IKN"%J?) to compute Y (3) interblkdiag({Z,;V] }1.,), and O(IKN=2]?) to
1510 perform SVD of Y(z). Then, it takes O(IKN™?J?) to initialize the factor matrix of the second mode.
1550 For the remaining modes, it takes O(IKN=2J2 + ¥ N3 KN=27F J3+k) {0 compute the remaining
1551 p-mode products for all n = 2,3,...,N, and O(J Z]k\]:?f KN=2-k j2+ky to compute SVD for all n =
1552 3.4, ... N.For all modes, the dominant term is O(IKN_ZJZ) since I > K > J, thus we simplify the

155 time complexity of the initialization phase as O(IK™V~2]?). |
1554

1555 A.3  Proof of Lemma 3

1556 Proo¥. For the first mode, it takes O(IKN"2J?) to compute Y (1) inter and Y (1), inzerblkdiag({Z;U] 1|
DT Equation (13), and O(I ZkN: 53 KN=2-k j2+k) for computing the remaining n-mode products for all

1558
1sse =34, N. We simplify O(I SN KN-2k j2+k) a5 O(NIKN=2J2) since ] < K. Computational
1seo  time of the second mode is the same as that of the first mode. Before computing for remaining modes,
O takes O(IKN=2J% + KN=2J3) to compute Y ,eyse in line 15 of Algorithm 6. For mode-i, it takes
1562 O(-KN-G=D iy Zlkvz_(f KN=27k 3+ky to perform n-mode products for all n = 3,4,i — 1,i+1,..., N.

153 For core tensor, it takes O(Zk}\];o3 KN‘Z‘k]3+k) to perform n-mode products for all n = 3,4, ..., N.
1564 We simplify the complexity O(—KN~0=1D i 4 ZkN:_O3 KN-2-k p3+ky and O(Zlk\[:_o3 KN-2-k p3+ky 1o
1565 O(NKN=2J%) since K > J. Therefore, the time complexity of one iteration in the iteration phase is
1566 O(IKN72J2 + NIKN-2J2 + [KN-2J2 £ KN=213 + NKN=23). Without loss of generality, we express
15¢7  the time complexity of the iteration phase as O(NIKN=2J2) since I > K > J. O
1568
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A.4 Proof of Lemma4

Proor. The following equation represents the mode-N matricized version of Equation (4) by
replacing X with X,;4 and X,,ey,:

N _
A(()ld)G(N) (®N lA(n)T)

X(N),0ld
X<N)=[ (Mhold | ~ -
AI(YII\Z)G(N) (®N lA(n)T)

X(N),new

where X is the mode-N matricized matrix of an accumulated tensor X, and X (n) 014 and X(n) new
are the mode-N matricization of a pre-existing tensor X,;4 and a new incoming tensor slice Xy,
respectively. By fixing the factor matrix A" for n = 1,2,.., N — 1, we update the factor matrix
AN of the temporal mode as follows:

n

A(()Jl\;) ~ X(N),old (G(N) (®,]:[:;1A(k)T))
(N)| — .

Ain(; X(N),new (G(N)(®kaz_11A(k)T))

By adapting the properties, (AB)" = BfA" and (C® D)" = C" ® D' to the above equation, we
obtain the following equation:

¥ -1
AN = Xy mew (G0 (@FFANT)) = Xy (®kN=_ll (A(k) (a®7a®) )) Sin)

A.5 Proof of Lemma5

Proor. For mode n, we formulate the loss function L, as follows:
1
Liwy = 51X m) = A" G (@, AT (30)

where (®]I<\;nA(k)) indicates Kronecker products of A®) fork=N,N—-1,...,n+1,n—1,..,1. When
fixing A® fork=1,...,n—1,n+1,...,N, the partial derivative of the function L,) with respect to
A" is as follows:

L(n) n
_— __ X(n)((g)lfc‘;nA(k))G(Tn) + Al )G(n)(®]I<\;n(A(k)TA(k)))G(Tn)
oA

9L (n)

To minimize we set it to zero and compute A™ as follows:

oA (n) >

-1
A® = X (@, AM)GE, x (Gon (8, (AN TAM)G],) )
_pm (Q(m)‘1

where P(") and Q™ are equal to X(m) (®IILHA("))G(T”) and (G(,,) (®,$n(A(k)TA(k)))G(Tn)), respec-
tively. O

A.6 Proof of Lemma 6

Proor. To update core tensor, we start from the following equation:

SXIA(l)-"XNA(N)zf)C
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For each mode n, we multiply AT = (AMWTAM)TAMWT on both left and right terms. Then, we
obtain the core tensor by computing the following equation:

G =2 x; ADT...x )y ANDT
For brevity, we compute the core tensor with mode-N matricization. We carefully decouple the

computations for A(()]l\;) and Aif:v)‘, It leads to avoiding explicit computations related to A(()Jl\;) and

X(N),new~

_ (Q(N+1))_1 p(N+1)

where PN*D) and QN+ are equal to A(N)TX(N)((X)I](V:‘l1 AR (ABTAKN)=1) apd (ANTAN),
respectively. O

(31)

B PROOFS OF THEOREMS

We provide proof for theorems described in the proposed method sections (Sections 3 and 4).

B.1 Proof of Theorem 1

Proor. The total time complexity of D-Tucker is the summation of time complexities for the
three phases: approximation, initialization, and iteration. By Lemmas 1 to 3, the time complexity
is O(I’KN=2J + MNIKN=2J2), which is simplified from O(I?’KN=2] + IKN=2J2 + MNIKN=2]?)
without loss of generality. O

B.2 Proof of Theorem 2

PRrOOF. In the initialization phase, initializing for the first two modes requires O(IKN~2]) space
to deal with [Ulzl; e ;UlZl], mode-2 matricization matrix Y (), and related tensors in lines 1
to 7 of Algorithm 5. Initializing for the remaining modes requires O(K™~2J?) to store Y(iy, Yreuse
Yreuse, and related tensors in lines 8 to 17 of Algorithm 5.

The iteration phase requires O(IKN=2]) space for matrices Y(z),,-nte,blkdiag({Z,-UIT}{“ZI) and
Y(1),ime,blkdiag({ZIVIT}{“ZI) in lines 4 and 9 of Algorithm 6. The dominant term for the remaining
modes is O(KV~2J2) to store Y euse in line 16 of Algorithm 6.

Considering I > K > J, the total space complexity is O(IKN~2]). O

B.3 Proof of Theorem 3

Proor. There are two dominant terms in the time complexity of D-TuckerO: 1) the approximation
of a new time slice Xy, and 2) n-mode products between the approximation result and factor
matrices A) (or (A(k)T)T). Approximating a new time slice Xe,, require O(I’kKN=3T,,,.,) by
Lemma 1. In addition, the time complexity of updating all factor matrices is O(NIKN =3 Ty, J?)
since updating them includes n-mode products between the approximation of X, and A*)

(or (A(k)Tf) whose complexity is analyzed in Lemma 3. Therefore, the total time complexity of
D-TuckerO for each time slice is O(I?’KN 3T ery + NIKN3T00,J?). ]

B.4 Proof of Theorem 4

Proor. The space of of D-TuckerO is determined by storing P(,) 014 and Q) 014, and computing
P (11).new and Q () new- Space costs of Py o1a and Q(n) o1a are O((I1+L+(N—-3)K)J) and O((N—-1) J?)
foralln = 1,..,N — 1, respectively. We perform n-mode product between G of the size JN and
AMWTAM for Q(n),new of the size J x J. Since the intermediate data are always smaller than G,
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the space cost of Q) new is O(JN) which is the size of G. Additionally, the space cost of P(n) new
is O(IKN3T,esJ) since the size of the SVD results of Xpery is O(IKN3T,,..J), and the size of
intermediate data of P(;) pew is always smaller than O(IKN73Ty,.,J). The total space cost to update
factor matrices and core tensor for Xyew is O((I; + L+ (N =3)K)J + (N = 1) J2 + JN + IKN 3T, )).
We simplify the space cost as O(IKN ~3Tp,,,J) since the dominant term is to compute Piu)new. O
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